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PREDICTION OF UNSTEADY AERODYNAMIC LOADINGS CAUSED BY 
TRAILING EDGE CONTROL  SURFACE  MOTIONS I N  SUBSONIC 
COMPRESSIBLE  FLOW-"ANALYSIS AND RESULTS 
BY 
W .  S .  ROWE, B .  A. WINTHER, and M. C .  REDMAN 
THE BOEING COMPANY 
SUMMARY 
A t h e o r e t i c a l  a n a l y s i s  and  computer  program  have  been  developed f o r  
t h e  p r e d i c t i o n  o f  u n s t e a d y  l i f t i n g  s u r f a c e  l o a d i n g s  c a u s e d  b y  m o t i o n s  o f  
t r a i l i n g  edge cont ro l   sur faces   hav ing   sea led   gaps .  The f i n a l   f o r m   o f   t h e  
downwash i n t e g r a l   e q u a t i o n  has  been f o r m u l a t e d  b y  i s o l a t i n g  t h e  s i n a u l a r i -  
t i e s  f rom the  non-s ingu la r  te rms and es tab l i sh ing  a p r e f e r r e d  s o l u t i o n  
process t o  remove  and e v a l u a t e  t h e  downwash d i s c o n t i n u i t i e s  i n  a sys temat ic  
manner.   Comparis ions  of   theoret ical  and exper imenta l   pressure  data  are 
made f o r   s e v e r a l   c o n t r o l   s u r f a c e   c o n f i g u r a t i o n s .  The compar i s ions   i nd i ca te  
t h a t  r e a s o n a b l y  a c c u r a t e  t h e o r e t i c a l  p r e s s u r e  d i s t r i b u t i o n s  and genera l i zed  
f o r c e s  may be  ob ta ined  fo r  a w i d e  v a r i e t y  o f  c o n t r o l  s u r f a c e  c o n f i g u r a t i o n s .  
INTRODUCTION 
H i s t o r i c a l l y ,  much e f f o r t  has  been  expended to  adap t  conven t iona l  os-  
c i l l a t i n g  l i f t i n g - s u r f a c e  s o l u t i o n  t e c h n i q u e s  t o  w i n g s  w i t h  c o n t r o l  s u r -  
faces.   Extens ive  use has  been made o f   t h e   r e v e r s e   f l o w   t h e o r e m   ( r e f e r e n c e   1 )  
t o  c o n s t r u c t  a n  a n a l y t i c a l  upwash f u n c t i o n  t h a t  i s  used i n  r e v e r s e  f l o w  t o  
p roduce  "equ iva len t "   genera l i zed   fo rces .  The generated upwash f u n c t i o n  i s  
o b t a i n e d  b y  t h e  e x p e d i e n t  o f  s m o o t h i n q  o v e r ,  i n  one way o r  a n o t h e r ,  t h e  
s l o p e  d i s c o n t i n u i t i e s  and c o r r e s p o n d i n g  s i n g u l a r i t i e s  w i t h i n  t h e  p r e s s u r e  
f u n c t i o n s .  The " e q u i v a l e n t "  upwash f u n c t i o n  does n o t   m a t c h   t h e   c o n t r o l   s u r -  
f a c e  s l o p e  a c c u r a t e l y  a t  a l  1 p o i n t s  b u t  does p roduce  reasonab le  " i nd i rec t "  
genera l i zed   f o rces .  The usefu lness  o f  t h i s  method d e t e r i o r a t e s  when t h e  
' d i r e c t '  hinge-moment t e r m  i s  t o  be  determined. 
The  work of reference 2 is one of the few subsonic methods developed 
to  determine the 'direct' surface loadings u s i n g  pressure terms that  are  
capable of correctly representing the known singularity functions around 
tne  boundaries  of  the  control  surface. However, i t  was found that solu- 
tions obtained from the method of reference 2 were highly sensit ive to the 
relative location and  number of control point collocation stations used i n  
the analysis.  The sens i t iv i ty  may  be at t r ibuted to  the par t icular  solut ion 
process being applied that assumes t h a t  discontinuous downwash dis t r ibut ions 
may  be approximated by a l inear  combination of polynomial represented down- 
wash sheets t h a t  sa t isfy the boundary conditions a t  a s e l ec t  s e t  of control 
points. Changing the  control p o i n t  locations by re la t ively small amounts 
resul ts  i n  large changes i n  the  unsteady  loadings,consequently  the method 
requires calculation of downwashes a t  many s ta t ions and seeking solutions 
in a least-squares-error sense. 
Solution sensit ivity remained until pressure distributions were de- 
veloped (reference 3) t h a t  identify the functional distribution and s i n g u -  
larity strengths required t o  produce identical mathematical downwash dis-  
continuities  contained i n  the  kinematic d i s t r i b u t i o n .  A preferred  solu- 
t i o n  process was developed by subtracting the discontinuous mathematical 
downwash dis t r ibut ion from the discontinuous kinematic distribution re- 
sulting in smooth  downwash dis t r ibut ion for  which standard lifting-surface 
solutions  could be applied. The resulting loadings would then be relat ively 
insensit ive to the locations and number o f  control po in t s  used in the 
analysis. 
The present,work represents an extension of the analytical methods 
suggested in reference 3 t o  provide a capabili ty of numerically predicting 
the unsteady loadings caused by control surface motions tha t  is re la t ively 
insensit ive t o  locations of collocation stations on the surface. Documen- 
ta t ion of the computer program design, usage, and l imitations is  provided 
in reference 4. 
2 
SYMBOLS 
All quantities  are  dimensionless  except  as  indicated 
Unknown  coefficient o f  assumed  pressure  modes,  equation 54 'nm 
b [length] Local  semi chord 
[ 1 ength] Reference 1 ength 
- 
C Local chord  length  nondimensional  with respect to bo 
fr(n 1 Regular  spanwise  pressure  difference  distribution, 
fs (n 1 Singular  spanwise  pressure  difference  distribution, 
g r k  9 0 )  Regular  chordwise  pressure  difference  distribution, 
g s k  dl) Singular  chordwise  pressure  difference  distribution, 
H j ( X , Y )  Mode shape of mode j, Hj(x,y)bo 
equation 55 
equations 38a and 47. 
equation 56 
equations 39 and 47 
- 
i fi 
K ( x  , E  , Y d  Kernel function, equation 6 
k 
M Mach number 
wbO Reduced frequency = 
Pt  [Force/area]  Pressure on lower  surface 
P,, [Force/area]  Pressure on upper  surface 
qj 
Generalized  coordinate  amplitude  for  mode j 
Generalized  forces  (see  equation 84 for  dimensions) Qi j 
Q; j 
R 
Sectional generalized  forces  (see  equation 82 for  dimensions) 
ixo + Yo 2 2 2  
S [length] Semi span 
S Nondimensional semi span, S/bo 
V [length/time]  Free  stream  velocity 
v 
iJ 




wj/qje i UT 
3 
[length] Dimensional Coordinates 
Coordinates nondimensi.ona1 w i t h  respect t o  bo 
x - xI 
Nondimensional coordinate of the control surface hingeline 
Nondimensional coordinate of the mid-chord l ine  
Nondimensional coordinate of the leading edge 
Nondimensional coordinate of the t ra i l ing edge 





hc [ rad i an ]  
@(TI) [radian] 
i1 - M2 
82 + t a n 2  A, 
Hingeline rotation angle measured in the plane perpen- 
dicular t o  hingeline and  pos i t ive  t ra i l ing  edge down 
Nondimensional steady state pressure difference between 
lower and  upper surfaces,  ( P a  - P,,)/( P V 7 2 )  
In-phase p a r t  of the nondimensional pressure difference 
Out-of-phase p a r t  of the nondimensional pressure difference 
Sweep angle of the control surface hingeline, positive 
swept back 
Dummy variables for (x,y,z) 
Scaled dummy variables (see equation ( 3 0 ) )  
Rotation angle of control surface hingeline a t  (n), 
measured in the plane perpendicular t o  the y-axis and 
posi t ive t ra i l ing edge u p  
p [mass/length3]  Density of the  fluid 
T [time] Time 
w [l/time]  Circular  frequency of osci l la t ion 
W* Reduced frequency = k 
4 
ANALYTICAL  FORMULATION 
The Integral Equation and its Elements 
The purpose of this report  is  to describe the procedures used in 
calculating the generalized aerodynamic forces existing on a l i f t i n g  sur- 
face caused by control surface motions in  subsonic  flow. The analysis  is  
appl icable  to  planform configurations having fu l l  span or multiple par- 
t i a l  span control surfaces located anywhere a long  the planform t r a i l i n g  
edge. 
A typical partial  span control surface configuration is  shown i n  
figure 1 where the analysis coordinate system i s  defined. 
I '  
S -7- 
Figure 1 .-Coordinate System Definition 
Solutions are obtained through an evaluation of the downwash-pressure 
integral equation that has been derived from the l inearized potential  
equation  (1). 
5 
The downwash-pressure i n t e g r a l  e q u a t i o n  d e r i v e d  i n  r e f e r e n c e  5 p r o -  
v i d e s  t h e  b a s i s  f o r  t h e  a n a l y t i c a l  f o r m u l a t i . o n s  u s e d  i n  d e v e l o p i n g  nu- 
mer i ca l  me thods  fo r  p red ic t i ng  uns teady  l oad ings  on l i f t i n g  s u r f a c e s .  
The f o r m  o f  t h e  i n t e g r a l  e q u a t i o n  u s e d  t h r o u g h o u t  t h i s  d i s c u s s i o n  
i s  g i v e n  as: 
. .  
Equat ion ( 2 )  has  been w r i t t e n  u s i n g  t h e  s u b s c r i p t  j t o  d e n o t e  t h a t  
p r e s s u r e  d i s t r i b u t i o n s  o b t a i n e d  b y  t h e  s o l u t i o n  p r o c e s s  will be  those  nec- 
e s s a r y  t o  s a t i s f y  t h e  b o u n d a r y  c o n d i t i o n s  o f  t h e  jth deformat ion mode shape. 
The p r e s s u r e  d i s t r i b u t i o n  A P . ( E , n )  i s  t h e  o n l y  unknown f u n c t i o n  w i t h i n  
J 
the  equat ion  and i s  equa l  t o  the  p ressu re  d i f f e rence  be tween  lower  and 
upper  sur faces def ined by:  
A p j ( S , n )  = p, - pu 
- 
The k inemat ic  downwash* term [;Ij i s  developed 
modal r e p r e s e n t a t i o n  of  t h e  w i n g  d e f l e c t i o n  Z f o r  s 
j 
and i s  de f ined as :  
on t h e  b a s i s  
i n u s o i d a l  mot 
o f  t h e  
i o n  
where  H.(xyy.) i s  t h e  d e f l e c t i o n  shape o f  t h e  jth mode and i s  i n  t h e  
same d imens iona l   un i t s  as bo  and q i s  d imension less.  
The s u b s c r i p t  ( j )  i s  o m i t t e d  i n  t h e  r e m a i n i n g  s e c t i o n s ,  u p  t o  t h e  
J 
j 
s e c t i o n  on genera l i zed  fo rces ,  w i th  the  unders tand ing  tha t  t he  p ressu re  
te rms be ing  de termined are  those te rms necessary  to  sa t is fy  the  j th mode 
shape  boundary  condi ti ons . 
The  K(x ,c ,y ,n )   te rm  represents   the   kerne l   func t ion   o f   the   in tegra l  
equat ion  tha t  descr ibes  the  sur face  normalwash a t  (x ,y )  due t o  a p u l -  
s a t i n g  p r e s s u r e  d o u b l e t  l o c a t e d  a t  ( ~ , n )  def ined by :  
* k inemat ic  downwash has t h e  o p p o s i t e  p o s i t i v e  s e n s e  t o  t h a t  o f  
6 t h e   r e s u l t i n g   o r  caused downwash a t   t h e   s u r f a c e .  
Reduct ion o f  e q u a t i o n  ( 5 )  i n t o  a f o r m  t h a t  may be e a s i l y  e v a l u a t e d  
by  rou t ine  numer ica l  p rocedures  was accomplished by Watkins, Runyan,  and 
Woolston  (reference  6)  and  presented i n  non-dimensional   form  by  consider-  
i ng  the  va r iab le  as  be i r .9  re fe renced  t o  some chosen length and i n t r o d u c -  




Equat ion ( 6 )  c o n t a i n s  f u n c t i o n s  t h a t  a r e  s i n g u l a r  a t  t h e  downwash 
c o n t r o l  p o i n t  ( x , y )  and may c a u s e  n u m e r i c a l  d i f f i c u l t i e s  i n  e v a l u a t i n g  
t h e   i n t e g r a l   e q u a t i o n .  However, t h e   s i n g u l a r i t i e s  have  been i d e n t i f i e d  
and may be i s o l a t e d  i n  t h e  f o l l o w i n g  f o r m :  
where Kns (x ,~,y ,n)  i s  t h e  n o n - s i n g u l a r  p a r t  o f  
t h e   k e r n e l   f u n c t i o n  
a n d  t h e  s i n g u l a r  p a r t  i s  g iven  by 
7 
Insertion o f  the above def ini t ions into the downwash integral  equa- 
t i o n  resu l t s  i n  the following expression to be evaluated over the sur- 
face t o  sa t i s fy  the  boundary conditions. 
- 
The f i r s t  
the downwash a t  
kernel  function 
integral of equation ( 9 )  represents the contribution t o  
the point (x,y) due to the non-singular p a r t  of  the 
. The general  shape o f  Kns i s  usually  quite smooth for 
low values Qf  Mach number reflecting the strong sinusoidal character- 
i s t i c s  of e i n  the  xpression. However, the chordwise characteris-  
t i c s  change quite rapidly for Mach numbers greater than M = 0.85 as i s  
demonstrated within figure 2 tha t  shows the chordwise variation in the 
imaginary p a r t  of Kns with Mach number. 
-1 kxo 
The ( x - € )  coordinate of figure 2 represents the chordwise difference 
between the pulse sending point located a t  ( c , ~ )  and the downwash s ta t ion 
( X Y Y ) .  
Since the functional distributions of Kns are quite different forward 
and a f t  of the downwash station the chordwise integration interval x l ( S < x t  
i s  subdivided i n t o  two intervals x l <  s<x  and x<  c < x t  t o  provide an ac- 
curate evaluation of the chordwise integral .  
a 
- 2 .  - 1.2 -.4 0 .4 1.2 2. 
X-S 
F igu re  2. -  Chordw ise  Var ia t i on  o f  K,!,:) as a Funct ion of  
Mach Number f o r  y-rl = 0.05, k = 0.7854 
The second, t h i r d ,  and f o u r t h  i n t e g r a l s  o f  e q u a t i o n  (9 )  rep resen t  
downwash c o n t r i b u t i o n  due t o  t h e  d i p o l e ,  s q u a r e  r o o t ,  and l o g a r i t h m i c  
s i n g u l a r i t y   t e r m s   r e s p e c t i v e l y .  The l a s t  i n t e g r a l  does n o t   c o n t a i n  a 
s i n g u l a r i t y  i n  t h e  s p a n w i s e  d i r e c t i o n  Gut  does r e q u i r e  s p e c i a l  means t o  
e v a l u a t e  i t s  downwash c o n t r i b u t i o n  s i n c e  a f i n i t e  d i s c o n t i n u i t y  e x i s t s  f o r  
values o f  n+y. 
E v a l u a t i o n  o f  t h e  D i p o l e  Term 
The downwash c o n t r i b u t i o n  due t o  t h e  d i p o l e  t e r m  i s  eva lua ted  us ing  
t h e  method  suggested by Hsu ( re fe rence   7 ) .  The d i p o l e  i n t e g r a l  Of  equa t ion  
(9 )  i s  g i v e n  as 
where the form o f  e q u a t i o n  (10) is  ob ta ined  by deve lop ing  the  d ipo le  exp ress ion  
from a d i f f e r e n t  v i e w p o i n t  t h a n  t a k e n  by tisu. 
9 
The dipole portion of the kernel function i s  developed by considering 
the normalwash a t  a point (x,y,~) tha t  i s  loca ted  just off of the surface 
shown i n  f igure 3 .  
z 
Figure 3 . -  Coordinate System Used i n  the Kernel Function  Derivation 
The kernel function describing the normalwash a t  ( x , Y , E )  due t o  a 
pressure  pulse a t  ((,n,o) i s  given by 
where 
h 
h = 1/13 [xo - MR],  R = (xo +B r ) and x. = x - E 2 2 2 2 1 / 2  
The dipole portion of KW i s  given by 
-ikxo 1 
K t P  = -e ( 1  + xo/R)(-1 + 2 sin 2 $) 
r 
and may be p u t  in a different  form by u s i n g  the geometric properties of 
figure 3 given as: 
r2 = ro2 + E 2 ;  ro - yo = y - and sin$ = - E ; Ro = ( x o  2 +B 2 ro 2 ) 1 / 2  r 
Then KN d p  takes on the definition 
10 
2 2  
dP - ikxo ro - E 2 [l + - + O ( E  ) ]  xO 2 
KW 
( ro2+E2) RO 
= e  (13)  
where the terms represented by O ( E ~ )  -0 as E ~ O  
The normalwash a t  (x,y,O) i s  obta ined by a l i m i t i n g  p r o c e s s  a l l o w i n g  
E-0 a f t e r  t h e  normalwash i n t e g r a l  has been evaluated as indicated by 
t h e   f o l l   o w i n g :  
Fol lowing the development  o f  re fe rence  7, l e t  G(x ,y ,Q) be the  va lue  
o f  t h e  c h o r d w i s e  i n t e g r a l  a t  
as n ” t y  t h i s  becomes 
lim G(x,y,n) = G(x,Y,Y) 
n-CY 
Then  one o f  t h e  s i n g u l a r i t i e s  i s  subt rac ted  f rom equat ion  (14)  to  
p rov ide  the  exp ress ion  
The f i n i t e  p a r t  of  t h e  s e c o n d  i n t e g r a l  i s  g i v e n  as :  
E - t O  J - s  
E v a l u a t i o n  o f  t h e  f i r s t  i n t e g r a l  w o u l d  s t i l l  have t o  be accomplished 
by  the  use  o f  Cauchy i n t e g r a l s ,  however t h i s  can  be  circumvented  by sub- 
t r a c t i n g  an a d d i t i o n a l  s i n g u l a r i t y .  
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( 1  7) 
(1  7 - A )  
The second integral of equation (1 8 )  becomes equal to zero as E-O 
and f inally the dipole downwash term takes on the integrable form of 
S 
s -  - y2)  G’(x’y’y)]dn -.nG(x,y,y) 
Y - n  
I t  should be noted tha t ,  as n-y, the integrand of equation (19)  
tends t o  take on the definit ion of a second derivative of G(x,y,n) 
with  respect t o  n. However, the second derivative does not  ex i s t  
since the integrand is singular a t  the downwash chord n = y.  Figure 4 
represents a plot  of the spanwise dis t r ibut ion of the integrand I ( y , o )  of 
equation (19)  and displays the singularity existing a t  the. downwash 
chord. The analysis was accomplished  using an assumed pressure  dis- 
tr ibution made up  of a single sine wave i n  both the chordwise and span- 
wise directions.  Location of the collocation station for which the 
plotted values apply is as shown in the planform sketch h a v i n g  co- 
ordinates of 1 = y/s = 0.35 and 2 =-0.766. 
- x i s  defined as a decimal fraction of the downwash half chord and 
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where xm i s  t he  x coordinate of the mean chord l i ne  and 











Downwash s ta t ion 
X 
Figure 4 . -  Spanwise Variation of the Integrand of Equation (19)  Displaying 
the Singularity a t  the Downwash Chord 
I n  the following section, the singularity just described is iden- 
t i f ied  as  being logarithmic in i t s  d i s t r ibu t ion  and consequently, 
numerical evaluation of equation (19) will be accomplished  using  quadra- 
ture formulas appropriate for evaluating logarithmic singular functions. 
Also ,  the following section contains a description of how the spanwise 
dis t r ibut ion of the integrand may  be modified t o  provide a non-singular 
dis t r ibut ion that  may  be readily evaluated by Legendre-Gauss integration 
quadrature formulas. 
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I d e n t i f i c a t i o n  o f  Spanwise S i n g u l a r i t i e s  
The s p a n w i s e  s i n g u l a r i t y ,  o b s e r v e d  w i t h i n  t h e  a b o v e  i n t e g r a l  
e v a l u a t i o n  o f  t h e  d i p o l e  t e r m ,  was f i r s t  i d e n t i f i e d  b y  Mul thopp  
( re fe rence  8)  wi th in  the  deve lopmen t  o f  t h e  s t e a d y  s t a t e  1 i f t i n g  s u r f a c e  
s o l u t i o n .  The method a p p l i e d  t o  i d e n t i f y  t h e  s i n g u l a r i t y  f o r  t h e  s t e a d y  
s t a t e  case  has  been  extended  by  Laschka  (reference 9)  t o  i n c l u d e  t h e  
unsteady case. 
The f u n c t i o n a l  e x p r e s s i o n  o f  t h e  d i p o l e  s i n g u l a r i t y  may be  ob ta ined 
by developing a T a y l o r  s e r i e s  e x p a n s i o n  o f  ~ P ( 6 , n )  e about  the down- 
wash s t a t i o n  and p e r f o r m i n g   t h e   r e s u l t i n g   c h o r d w i s e   i n t e g r a t i o n s .   T h a t  
i s ,  we l e t  AP(6,n) e-ikxo be approx imated by the Taylor  ser ies g iven by:  
-i kxo 
A P ( E , ~ )  e = AP(E,Y) e 
- i k ( x - E )  -i k (x-6)  -i k (x-,) 1 (20-A) 
n = y  
+ ... 
then  develop  expansions o f  t h e  i n d i v i d u a l  t e r m s  
( 2 0 4 )  
I n s e r t i n g   e q u a t i o n s  (20-8) and (20-C) i n t o  (20-A) produces a span- 
w ise  and  cho rdw ise  Tay lo r  se r ies  app rox ima t ion  o f  AP(E ,~ )  e g iven  by 
A P ( E , ~ )  e = AP(X,Y> + (n-y) 
-i kxo 
- i k ( x - E )  
1 (20-D) -i k (  x-E) 
n = y  
€ = x  
+ . .. 
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The s ingular i ty  expression is  obtained by 
(20-D) into the chordwise integral  and perform 
results i n  
insertion of equation 
ing the integrat ion that  
[ 82 (y-n) lne (y-n) 2 2  2 
T h u s  the dipole term contains the recognizable dipole singularity 
along w i t h  an additional logarithmic singularity at  the spanwise down- 
wash s ta t ion.  
Part o f  the "regular terms" o f  the second expression i n  equation ( 2 1 )  
a re  composed of  t rms that  are  expressible  as . 
t ha t  a r e  continuous not requiring special attention i n  evaluating the span- 
w i  se  integra 1 . 
The t h i r d  integral  o f  equation ( 9 )  also contains a spanwise s i n g u -  
l a r i t y  t h a t  i s  proportional to lnly-nl that is identified by an inser- 
tion of the Taylor series o f  equation (20-D) into the integral and per- 
forming the indicated chordwise integration. 
The result ing spanwise integral  is  then g i v e n  by: 
15 , 
which are cont inuous and do not r e q u i r e  s p e c i a l  i n t e g r a t i o n  p r o c e d u r e s  t o  
eva l   ua te   t he   spanw ise   i n teg ra l  . 
F o l l o w i n g  a s i m i l a r  l i n e  o f  thought,  i t  can  be shown t h a t  t h e  f o u r t h  
i n t e g r a l  o f  e q u a t i o n  ( 9 )  i s  a l s o  s i n g u l a r  a t  the spanwise downwash s t a t i o n  
h a v i n g  t h e  form o f :  
Once t h e  s i n g u l  a r i  t i e s  have been determined they may be sub- 
t r a c t e d  o u t  of t h e  i n t e g r a n d  and a n a l y t i c a l l y  e v a l u a t e d  o u t s i d e  o f  t h e  
i n t e g r a l  . 
F igu re  5 shows the  ve ry  smooth  spanwise d i s t r i b u t i o n  o f  t h e  i n t e -  
grand I(y,n) o b t a i n e d  f o r  t h e  d i p o l e  t e r m  by s u b t r a c t i n g  o u t  t h e  i d e n t i -  
f i a b l e  s i n g u l a r i t i e s  o f  e q u a t i o n  (211. Removal o f   t h e   s i n g u l a r i t i e s   a l l o w s  
the use o f  Legendre-Gauss  quadrature  formulas t o  e v a l u a t e  t h e  s p a n w i s e  i n -  
t e g r a l  u s i n g  o n l y  a very  smal l  number o f  q u a d r a t u r e  s t a t i o n s .  
Downwash s t a t i o n  
W S  
-1 0.1 
Figure  5. -  Spanwise v a r i a t i o n  o f  I n t e g r a n d  o f  E q u a t i o n  (19 )  w i t h  S i n g u l a r i t i e s  
o f  Equat ion  (21)  removed  f rom  the  Integrand. 
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As a consequence of the  above there  are  severa l  op t ions  open t o  t h e  
a n a l y s t  i n  e v a l u a t i n g  t h e  spanwise port ions of t h e  downwash i n t e g r a l s  and 
a r e :  ( 1 )  i g n o r e  t h e  l o g a r i t h m i c  s i n g u l a r i t y  s i n c e  i t  i s  o f  r e l a t i v e l y  l o w  
power, ( 2 )  s u b t r a c t  t h e  s i n g u l a r i t i e s  o u t  o f  t he  exp ress ion  and a n a l y t i c a l l y  
e v a l u a t e  t h e i r  downwash c o n t r i b u t i o n ,  and ( 3 )  app ly  numer i ca l  i n teg ra t i on  
q u a d r a t u r e  f u n c t i o n s  t h a t  c a n  e v a l u a t e  t h e  l o g a r i t h m i c  t e r m  a t  t h e  downwash 
chord. 
Numer ica l  inves t iga t ions  have been  performed t o  d e t e r m i n e  t h e  v a l i d i t y  
i n  u s i n g  any  one of t h e  t h r e e  i n t e g r a t i o n  o p t i o n s  w i t h i n  t h e  c o n t r o l  s u r -  
face  program. The ana lys i s   p lan fo rm shown i n  f i g u r e  6 i s  a r e c t a n g u l a r  
wing  hav ing a f u l l  span f l a p  d e f l e c t e d  i n  s t e a d y  f l o w .  The d e f l e c t i o n  
shape  and s t e p  f u n c t i o n  downwash d i s t r i b u t i o n  a r e  a l s o  d i s p l a y e d  t o  show 
t h e  d i s c o n t i n u i t y  t h a t  m u s t  be matched by the mathematical downwash ca l cu -  
l a t i o n   o f   t h e   i n t e g r a l   e q u a t i o n .  The assumed p ressu re   d i s t , r i bu t i on   used  
i n  t h e  a n a l y s i s  i s  composed o f  a c h o r d w i s e   s i n g u l a r i t y   t e r m   l n ( c - x c )  
and o t h e r  m o d i f y i n g  t e r m s  r e q u i r e d  t o  p r o d u c e  t h e  d i s c o n t i n u i t y  i n  down- 
wash ac ross  the  h inge l i ne  as  w e l l  as s a t i s f y i n g  t h e  b o u n d a r y  c o n d i t i o n s  




Section AA Downwah Ddlnltlon 
F igu re  6 . -  Analys is  P lanform Used t c  E v a l u a t e  E f f e c t  o f  
Spanwise S i n g u l a r i t i e s  on Downwash D i s t r i b u t i o n  
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R e s u l t s  o f  a p p l y i n g  o p t i o n ( 1 ) t o  e v a l u a t e  t h e  s p a n w i s e  i n t e g r a l  o f  
equat ion   19   a re  shown i n  f i g u r e  7. The i n t e g r a l   i s   e v a l u a t e d   u s i n g  
t h e  i n t e r d i g i t i n g  p r o c e s s  s u g g e s t e d  i n  r e f e r e n c e  7 where  a s i n g l e  
Gauss-Mehler quadrature funct ion i s  a p p l i e d  over t he  complete  span o f  
the   p lan form.  The s i n g u l a r i t y  a t  t h e  downwash c h c r d   i s   n o t   r e c o g n i z e d  
by t h i s  i n t e g r a t i o n  p r o c e d u r e  and consequent ly  t ~ e  r e s u l t i n g  c h o r d w i s e  
downwash d i s t r i b u t i o n  i s  smooth  and  cont inuous  across  the  h ingel ine.  
It a p p e a r s  t h a t  l i f t i n g  s u r f a c e  s o l u t i o n s  o b t a i n e d  u s i n g  o p t i o n ( 1 ) w i l l  
n o t  p r o v i d e  a s a t i s f a c t o r y  m a t h e m a t i c a l  r e p r e s e n t a t i o n  o f  t h e  b o u n d a r y  
cond i t i ons   f o r   t he   phys i ca l   v : i ng -con t ro l   su r face   comb ina t ion .  
Cakulrted 
Normrlmsh 
- X  
T.E. 
F igu re  7.- Chordwise Downwash D i s t r i b u t i o n  a t  Mid-Span S t a t i o n  R e s u l t i n g  
f r o m  A p p l y i n g  O p t i o n  ( 1 )  ( l o g a r i t h m i c  s i n g u l a r i t y  i g n o r e d )  
F igure  8 presents  the  resu l ts  us ing  the  second op t ion  where  the  s in -  
g u l a r i  t y  i s  t rea ted  by  approx ima t ing  the  p ressu re  te rms  by  a Tay lo r  
ser ies expansion and removing the s ingular i ty  f rom the spanwise in tegrand.  
Equation  (19)  has been m o d i f i e d  b y  s u b t r a c t i n g  t h e  s i n g u l a r i t i e s  ( i d e n t i -  
f i e d  i n  e q u a t i o n  ( 2 1 ) )  and e v a l u a t i n g  t h e i r  e f f e c t  o u t s i d e  o f  t h e  i n t e g r a l  
as i n d i c a t e d  b y  t h e  downwash equat ion  shown i n  f i g u r e  8. 
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The  downwash d i s t r i b u t i o n  appears t o  be reasonab le  a t  l a rge  d i s tances  
f rom the h ingel ine,  however ,  the downwash becomes s i n g u l a r  a t  t h e  h i n g e -  
l i n e .  T h i s  i s  t o  be  expected  s ince  the  pressure  term  used i n  t h e  a n a l y s i s  
t o  p r o v i d e  t h e  s t e p  f u n c t i o n  change i n  boundary  cond i t ions  across  the  
h i   n g e l  i ne i s   p r o p o r t i o n a l   t o   I n  I s-xc l  , which cannot be approximated by a 
T a y l o r  s e r i e s  in t h e  v i c i n i t y  of t h e  s i n g u l a r i t y  a t  E = xc. 
Use single quldrrture sprnwise plus arct mlurHon 
Crlcu lrted 
brrnrlwash 11 T.E, 
F igu re  8.- Chordwise Downwash D i s t r i b u t i o n  R e s u l t i n g  f r o m  A p p l y i n g  O p t i o n  ( 2 )  
( l o g a r i t h m i c  s i n g u l a r i t y  i s  s u b t r a c t e d  and eva lua ted  separa te l y )  
The downwash d i s t r i b u t i o n  shown i n  f i g u r e  8 i n d i c a t e s  t h a t  t h e  
downwash c o l l o c a t i o n  s t a t i o n s  a r e  t o  be r e s t r i c t e d  t o  c h o r d w i s e  l o c a t i o n s  
tha t  a re  spaced  we l l  away f rom h inge l i ne  where  l a rge  downwash g rad ien ts  
a r e  d e v e l o p e d .   T h i s   r e s t r i c t i o n  may n o t  be s a t i s f i e d   f o r   a n a l y s e s   o f  
w ings   hav ing   smal l   percent   chord   con t ro l   sur faces .   Large   g rad ien ts  may 
ex i s t  ove r  the  cho rdw i  se l e n g t h  o f  sma l l  pe rcen t  cho rd  con t ro l  su r face  
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and the resulting solutions would  be highly dependent upon the number 
and relative locations of the downwash collocation stations.  
This restriction may  be  removed  by applying O p t i o n  ( 3 )  where the 
spanwise integral  is  evaluated by subdividing the integration interval, 
-s  s rl ss, i n t o  several subintervals and a p p l y i n g  quadrature formulas ap-  
propriate t o  the functional characteristics of the integrand. 
Results o f  applying o p t i o n  ( 3 )  to evaluate equation (19) are shown 
i n  f igure 9 .  The integration  interval has  been divided i n t o  subregions 
and appropriate quadrature formulas have  been applied in the subregions, 
i.e.,square r o o t  quadrature formulas applied a t  ends of  the interval ,  
logarithmic quadrature formulas used on e i ther  s ide  of  the downwash s ta -  
t i  o n ,  a n d  Legendre quadratures applied within the remaining integration 






L . E .  T. E. 
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Figure 9.-  Chordwise Downwash Distribution Resulting from Applying Opt ion  ( 3 )  
(logarithmic singularity evaluated by appropriate Quadrature Formulas) 
The result ing downlgash dis t r ibut ion (f igure 9 )  does contain the step 
function change across the hingeline necessary t o  sat isfy the boundary 
conditions and does not exhibit any large gradients near the hingeline. Con- 
sequently, solutions obtained using option ( 3 )  should n o t  be sensitive. t o  
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t h e  r e l a t i v e  l o c a t i o n s  o f  downwash c o l l o c a t i o n  s t a t i o n s  even when 
a p p l i e d  t o  a n a l y s i s  o f  s m a l l  p e r c e n t  c h o r d  c o n t r o l  s u r f a c e  c o n f i g u r a t i o n s .  
eva lua te  downwash d i s t r i b u t i o n s  due t o  c o n t i n u o u s  p r e s s u r e  d i s t r i b u t i o n s  
fo r  wh ich  a meaningfu l  Tay lor  ser ies expansion may be developed wi th in  
smal l   reg ions   a round  the  downwash s t a t i o n .  A I  so, o p t i o n  (3)  wil be 
a p p l i e d  t o  e v a l u a t e  t h e  downwash d i s t r i b u t i o n s  due t o  s i n g u l a r  p r e s s u r e  
d i s t r i b u t i o n s  f o r  w h i c h  a T a y l o r  s e r i e s  a p p r o x i m a t i o n  o f  t h e  p r e s s u r e  
express ion does n o t  e x i s t  a t  t h e  d i s c o n t i n u i t y  s t a t i o n s .  
As a  consequence of t h e  above, o p t i o n  ( 2 )  wil be a p p l i e d  t o  
P re fe r red  So lu t i on  P rocess  
No d i r e c t  means i s  a v a i l a b l e  t o  o b t a i n  a c losed  fo rm , so lu t i on  of t h e  
downwash i n t e g r a l  e q u a t i o n  t h a t  s a t i s f i e s  t h e  b o u n d a r y  c o n d i t i o n s  e x a c t l y  
everywhere on the  surface.  Approximate  solut ions  are  used i n  l i e u  o f  an 
exac t   so lu t i on   p rocess .  The a p p r o x i m a t e   s o l u t i o n   p r o c e s s   i s  one of 
genera t ing  a f i n i t e  s e t  o f  downwash shee ts  and  cons t ruc t i ng  l i nea r  comb ina -  
t i o n s  o f  t h e s e  s h e e t s  t o  s a t i s f y  t h e  b o u n d a r y  c o n d i t i o n s  a t  a f i n i t e  s e t  
o f  p re -se lec ted  con t ro l  po in ts  on  the  su r face .  
The downwash sheets  a re  ob ta ined th rough an e v a l u a t i o n  o f  t h e  down- 
wash i n t e g r a l  u s i n g  assumed p r e s s u r e  d i s t r i b u t i o n s  t h a t  s a t i s f y  t h e  
r e q u i r e d  l o a d i n g  c o n d i t i o n s  on the  planform  edges. 
The assumpt ion usual ly  made i s  t h a t  i f  the  boundary  cond i t ions  are  
s a t i s f i e d  a t  a s u i t a b l e  number o f  c o n t r o l  p o i n t s  d i s t r i b u t e d  o v e r  t h e  
s u r f a c e  t h e n  b o u n d a r y  c o n d i t i o n s  o v e r  t h e  r e s t  o f  t h e  s u r f a c e  wil be 
s a t i s f i e d  w i t h i n  s m a l l  e r r o r  1 i m i t s .  
T h i s  a p p r o x i m a t e  p r o c e d u r e  i s  e q u i v a l e n t  t o  a s s u m i n g  t h a t  t h e  down- 
wash sheets may be represented by a s e r i e s  o f  po l ynomia l s  tha t  a re  con -  
t i nuous  ove r  the  su r face  and may be combined t o  s a t i s f y  t h e  s u r f a c e  
b o u n d a r y  c o n d i t i o n s  a t  a r b i t r a r y  c o n t r o l  p o i n t s .  
T h i s  p r o c e d u r e  p r o v i d e s  r e a s o n a b l e  r e s u l t s  f o r  a n a l y s e s  o f  c o n f i g u r a -  
t i ons  hav ing  con t inuous  downwash d i s t r i b u t i o n ,  however it may f a i  
p r o d u c e  c o n s i s t e n t l y  a c c u r a t e  r e s u l t s  when a q p l i e d  t o  a n a l y s e s  o f  
c o n t r o l  s u r f a c e  c o n f i g u r a t i o n s  t h a t  h a v e  d i s c o n t i n u o u s  downwash d 
t i o n s .  
1 t o  
wing- 
i s t r i b u -  
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The d i rec t  so lu t i on  p rocess ,  desc r ibed  above ,  has  been  mod i f i ed  to  
p rov ide  a s y s t e m a t i c  p r o c e d u r e  f o r  o b t a i n i n g  a c c u r a t e  s o l u t i o n s  o f  c o n -  
f i g u r a t i o n s  h a v i n g  d i s c o n t i n u o u s  downwash d i s t r i b u t i o n s  and . i s  d e s c r i b e d  
as f o l  1 ows : 
Cons ider  the  downwash i n t e g r a l  e q u a t i o n  w r i t t e n  i n  m a t r i x  f o r m :  
where 
IW I i s  t h e  k i n e m a t i c  downwash ob ta ined  f rom the  known mot ion 
o f  t h e  1 i f t i n g  s u r f a c e  a n d  i n c l u d e s  t h e  f a c t o r  4npV2 o f  
equat ion  (2 ) .  
[ f)P Kdcdn] a m a t r i x  o f  d i s c r e t e  v a l u e s  r e p r e s e n t i n g  
downwashes c a l c u l a t e d  a t  p r e - s e l e c t e d  c o l l o c a t i o n  
s t a t i o n s  due t o  a s e t  o f  assumed p r e s s u r e  d i s t r i b u t i o n s ,  
A P  . 
[ a  I i s  a n  a r r a y  o f  p r e s s u r e  c o e f f i c i e n t s  t h a t  a r e  e v a l u a t e d  
by  app ly ing  a s t a n d a r d  m a t r i x  i n v e r s i o n  a n d  m u l t i p l i c a -  
t i o n  p r o c e d u r e  t o  e q u a t i o n  ( 2 4 ) .  
S u r f a c e  d i s t r i b u t i o n s  o f  i n d i v i d u a l  downwash sheets  generated  f rom 
an e v a l u a t i o n  o f  t h e  i n t e g r a l  a r e  g e n e r a l l y  q u i t e  smooth prov ided that  
the assumed p r e s s u r e   d i s t r i b u t i o n  AP i s   a l s o  smooth  and  oes not   con-  
t a i n  s i n g u l a r i t i e s  w i t h i n  r e g i o n s  i n t e r i o r  o f  the planform edges. 
Figure  10  presents  examples o f  c h o r d w i s e  downwash d i s t r i b u t i o n s  o b t a i n e d  
f o r  t h e  midspan s t a t i o n  of  a r e c t a n g u l a r  w i n g  i n  s t e a d y  f l o w .  The pres-  
s u r e  d i s t r i b u t i o n s  u s e d  i n  t h e  i n t e g r a l  e v a l u a t i o n  a r e  composed o f  c h o r d -  
w i s e  d i s t r i b u t i o n s  shown on t h e  l e f t  hand s i d e  o f  f i g u r e  10 coupled wi th  
a s i n g l e  s i n e  wave i n  t h e  spanw ise   d i rec t i on .  The s u r f a c e  d i s t r i b u t i o n s  
o f  t h e  f i r s t  f o u r  downwash sheets are smooth and cont inuous and may be 
accurate ly  represented by polynomia l  express ions.  
2 2  




Figure  10.- Chordwise Downwash Distribution  Resulting 
from the  Integral  Evaluation Using Assumed 
Pressure  Distributions 
An example of applying the direct solution process t o  configurations 
having  continuous downwash dis t r ibut ion is  shown in figure 11 .  The solu- 
tion is formulated by constructing a l inear  combination of continuous 
downwash sheets t o  match the kinematic downwash dis t r ibut ion a t  a s e t  o f  
pre-selected  control  stations  located on the  surface.  This  linear com- 
bination of continuous downwash distributions usually provides a rea- 
sonable approximation of the kinematic d i s t r i b u t i o n  such t h a t  the inte- 
grated value o f  least-squares error i n  downwash over the surface would  be 
very small. 
w” NORMALWASH DISTRIBUTION 
AT SECTION A-A 
Fi gure 11 .- Direct Solution Process Applied t o  Continuous Downwash 
Distributions 
A l t n o u g h  the iirect solution process will provide accurate results 
for  continuous l if t ing surface configurations,  i t  may f a i l  t o  provide 
consistently acc;rrate resylts for configurations h a v i n g  discontinuous 
downwash dis t r ibut ions such as  wing-control  surface  combination. Gis- 
continuous downwash dis t r ibut ions such as a step function change i n  down- 
wash across the control surface hingeline can be represented by a se r ies  
of polynomials only i n  an approximate sense, as indicated by t h e  s o l u t i o n  
process  given i n  f igure 1 2 .  
w.- DOWNWASH DISTRIBUTION 
AT SECTION A-A 
F i  gure 1 2 .  - Approxi mate Sol uti  on Process Appl i ed t o  Conf i g u r a t i  ons 
h a v i n g  Discontinuous Downwash Di s t r i  butions 
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The r e s u l t i n g  m a t h e m a t i c a l  downwash d i s t r i b u t i o n  o b t a i n e d  f r o m  a 
summation o f  i n d i v i d u a l  downwash sheets,  shown i n  f i g u r e  12, wou ld  exac t l y  
s a t i s f y  t h e  k i n e m a t i c  d i s t r i b u t i o n  a t  t h e  s e l e c t e d  c o n t r o l  s t a t i o n s ,  how- 
e v e r  t h e  d i s t r i b u t i o n  between t h e  c o n t r o l  s t a t i o n s  may d e v i a t e  g r o s s l y  
f r o m  t h e  k i n e m a t i c  d i s t r i b u t i o n  and produce large values o f  leas t -squares  
e r r o r  i n  downwash over   the   sur face .  The s o l u t i o n  would  a lso  be  very  
s e n s i t i v e  t o  t h e  number o f  downwash sheets used i n  t h e  a p p r o x i m a t i o n  as 
w e l l  as b e i n g  s e n s i t i v e  t o  t h e  r e l a t i v e  l o c a t i o n s  of  t h e  c o n t r o l  p o i n t s  
d i s t r i b u t e d  o v e r  t h e  s u r f a c e .  
A more sys temat i c  so lu t i on  p rocess  app l i ed  t o  t h e  s o l u t i o n  o f  p l a n -  
forms hav ing d iscont inuous downwash d i s t r i b u t i o n s  i s  one o f  d e v e l o p i n g  a 
mathematical downwash d i s t r i b u t i o n  t h a t  has i d e n t i c a l  d i s c o n t i n u i t y  v a l u e s  
t h a t  a r e  c o n t a i n e d  i n  t h e  k i n e m a t i c  d i s t r i b u t i o n  and s u b t r a c t i n g  t h i s  d i s -  
t r i b u t i o n  f r o m  t h e  o r i g i n a l ,  t h u s  p r o v i d i n g  a downwash d k t r i b u t i o n  t h a t  
i s  c o n t i n u o u s  o v e r  t h e  s u r f a c e  f o r  w h i c h  t h e  d i r e c t  l i f t i n g  s u r f a c e  s o l u -  
t i o n  p r o c e s s  may be r e a d i l y  a p p l i e d .  
T h i s  p r e f e r r e d  s o l u t i o n  p r o c e s s  f o r  d i s c o n t i n u o u s  downwash d i s t r i b u -  
t i o n s  i s  g i v e n  b y  t h e  m a t r i x  e q u a t i o n  
where Sjmd ( x  ,y ) 
APS 
AP r 
i s  t h e  c o n t i n u o u s  downwash d i s t r i b u t i o n  o b t a i n e d  b y  
s u b t r a c t i n g  f r o m  t h e  k i n e m a t i c  d i s t r i b u t i o n  a 
d i s t r i b u t i o n  h a v i n g  i d e n t i c a l  v a l u e s  o f  d i s c o n t i  - 
n u i t i e s  t h a t  a r e  c o n t a i n e d  i n  t h e  k i n e m a t i c  d i s -  
t r i b u t i o n .  
t h e  s i n g u l a r  p r e s s u r e  d i s t r i b u t i o n s  t h a t  p r o v i d e  t h e  
same d i s c o n t i n u i t y  c h a r a c t e r i s t i c s  c o n t a i n e d  i n  t h e  
k inemat ic  downwash d i s t r i b u t i o n .  
the r e g u l a r  p r e s s u r e  d i s t r i b u t i o n s  u s e d  t o  d e f i n e  
cont inuous downwash d i s t r i b u t i o n s .  
A g r a p h i c  d i s p l a y  o f  t h e  p r e f e r r e d  s o l u t i o n  p r o c e s s  i s  shown i n  
f i g u r e  13. 
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Figure 13.-  Systemat ic Solut ion Process Suggested for use on 
Conf igurat ions  hav ing  Discont inuous Downwash D i s t r i b u t i o n s  
The p r e s s u r e  d i s t r i b u t i o n  r e s u l t i n g  f r o m  t h e  s o l u t i o n  p r o c e s s  i s  t h e  
sum o f  t h e  p r e s s u r e s  t h a t  p r o v i d e  t h e  d i s c o n t i n u i t y  c h a r a c t e r i s t i c s  and t h e  
r e g u l a r  p r e s s u r e  d i s t r i b u t i o n s  o b t a i n e d  as a s o l u t i o n  o f  m o d i f i e d  downwash 
d i s t r i b u t i o n  v m o d ( x , y ) .  
bu t i ons  hav ing  known s t r e n g t h s  t h a t  p r o v i d e  i d e n t i c a l  v a l u e s  o f  downwash 
d i s c o n t i n u i t i e s   c o n t a i n e d   i n   t h e   k i n e m a t i c   d i s t r i b u t i o n .   F o r m u l a t i o n   o f   t h e  
a n a l y t i c a l  p r e s s u r e  e x p r e s s i o n s  t h a t  p r o v i d e  t h e  r e q u i r e d  d i s c o n t i n u i t i e s  i n  
boundary  condi t ions  have  been  wel l   documented  by  Landahl   ( reference 3) and 
Ash ley  ( re fe rence 10) and a r e  b r i e f l y  d i s c u s s e d  i n  t h e  f o l l o w i n g  s e c t i o n .  
The key t o  t h i s  s o l u t i o n  p r o c e s s  i s  t h e  d e v e l o p m e n t  o f  p r e s s u r e  d i s t r i -  
P r e s s u r e  D i s t r I b u t i o n s  
Use o f  t h e  p r e f e r r e d  s o l u t i o n  p r o c e s s  r e q u i r e s  t w o  p r e s s u r e  d i s t r i b u -  
t i o n s  t o  b e  d e f i n e d  o v e r  t h e  l i f t i n g  s u r f a c e  p l a n f o r m .  One o f  t h e  d i s t r i b u -  
t i o n s  t o  p r o v i d e  i d e n t i c a l  v a l u e  o f  downwash d i s c o n t i n u i t y  c h a r a c t e r i s t i c s  
as de f i ned  by  the  k inemat i c  downwash d i s t r i b u t i o n  and  the  second  pressure 
f u n c t i o n  t o  p r o v i d e  smooth  and  continuous downwash d i s t r i b u t i o n s  o v e r  t h e  
sur face .  
P r e s s u r e  d i s t r i b u t i o n s  h a v i n g  known s t r e n g t h s  t h a t  p r o v i d e  i d e n t i c a l  
d i s c o n t i n u i t y  v a l u e s  o f  downwash a c r o s s  t h e  b o u n d a r i e s  o f  t h e  c o n t r o l  s u r -  
face  have  been  developed  by  Landahl  (reference 3 )  f o r  t h e  i n b o a r d  p a r t i a l  
span con t ro l  su r face  case  and by .Ashley (reference 10) f o r  t h e  c a s e  o f  a 
c o n t r o l  s u r f a c e  t h a t  e x t e n d s  t o  t h e  p l a n f o r m  s i d e  edge. 
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The l i n e a r i z e d  l i f t i n g  s u r f a c e  p r o b l e m  p r e s e n t e d  i n  r e f e r e n c e  3 has 
been fo rmu la ted  us ing  nond imens iona l  va r iab les  th roughou t  i t s  de r i va t i on .  
The Car tes ian  coord ina tes  (x,y,z) a r e  n o n d i m e n s i o n a l i z e d  w i t h  r e s p e c t  t o  
t h e   r e f e r e n c e   l e n g t h  bo, t he   roo t   semichord .   A l so ,   t ime   i s   nond imens iona l -  
i z e d  and i s  d e f i n e d  as 
V 
where Voo i s  t h e  f r e e - s t r e a m  v e l o c i t y  
bo i s   t h e   r o o t  semi chord 
T i s   t i m e  
Th e equa t ions  o f  mo t ion  g i ven  by  equa t ion  (1 )  a re  then  rev  
the   p ressu re   pe r tu rba t i on  c = Re [ . e x p ( i k t ) l   t o   p r o v  
e q u a t i o n  t h a t  i s  s a t i s f i e d  b y  t h e  l i n e a r i z e d  a p p r o x i m a t i o n  
P 
i s e d  i n  terms  of 
i d e  t h e  f o l l o w i n g  
P. 
where F i s  d e f i n e d  as 
P- Po p = -  
PV2/2 
The b o u n d a r y  c o n d i t i o n  t o  be s a t i s f i e d  o f f  o f  t h e  l i f t i n g  s u r f a c e  i s  
P(s, , - , ,O)  = 0 and us ing  the  cond i t i on  o f  no rma lwash  on t h e  w i n g  a l o n g  w i t h  
t h e  r e l a t i o n s h i p  o f  p r e s s u r e  p e r t u r b a t i o n  t o  v e l o c i t y  p e r t u r b a t i o n  po- 
t e n t i a l  t h e  b o u n d a r y  c o n d i t i o n  t o  be s a t i s f i e d  on t h e  w i n g  i s  g i v e n  a s :  
- 
- = -2[+ a2Fi .5 ) + 2 i k   aH(S ,n ) -k2  f i ( ~ , n ) ]  
a s  3.5 
(27) 
where H ( 6 , n )  i s  t h e  d e f l e c t i o n  shape  defined  by R ( E , ~ )  = H(c,n)/bo 
The d e f i n i t i o n  o f  t h e  l i f t i n g  s u r f a c e  d e f l e c t i o n  due t o  a t r a i l i n g  
edge c o n t r o l  s u r f a c e  o s c i l l a t i o n  a b o u t  a h i n g e  l i n e  i s  g i v e n  a s :  
A(E,n) = o(n) * (E-X,) - U(E-Xc) ' U(n-Yi )  
where e (q )  i s  t h e  a n g u l a r  r o t a t i o n  o f  t h e  c o n t r o l  s u r f a c e  a t  T-I 
measured i n  a p lane  pe rpend icu la r  t o  the  y a x i s .  
xc i s   t h e   h i n g e l i n e   c o o r d i n a t e  
yi i s   t h e   s i d e  edge c o o r d i n a t e  
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u(€-xc)  i s  a u n i t  f u n c t i o n  o f  ( s - x C )  
U(n-yi) i s  a u n i t  f u n c t i o n  o f  (n-yi) 
I n s e r t i n g  e q u a t i o n  (28) i n t o  e q u a t i o n  (27) and  pe r fo rm ing  the  
i n d i c a t e d  d i f f e r e n t i a t i o n s  r e s u l t s  i n  t h e  f o l l o w i n g  b o u n d a r y  c o n d i t i o n s  
t h a t  a r e  t o  b e  s a t i s f i e d  by t h e  p r e s s u r e  f u n c t i o n .  
I o  E < xc 
where  &(€-xc)  i s  t h e  D i r a c  d e l t a  f u n c t i o n  
The  method o f  a s y m p t o t i c  e x p a n s i o n s  i s  a p p l i e d  t o  d e t e r m i n e  t h e  
b e h a v i o r  o f  t h e  p r e s s u r e  d i s t r i b u t i o n ,  i n  t h e  i m m e d i a t e  v i c i n i t y  o f  t h e  
c o n t r o l  s u r f a c e  l e a d i n g  edge 5 = xc and a t  a s i d e  edge I-I = yi. The 
e f f e c t  o f  u s i n g  t h e  a s y m p t o t i c  e x p a n s i o n s  i s  t o  m a g n i f y  t h e  s i n g u l a r  
r e g i o n   b y   s t r e t c h i n g   t h e   c o o r d i n a t e s   b y  a s m a l l   q u a n t i t y  E .  Coord inate 
s t r e t c h i n g  has t h e  e f f e c t  o f  m a k i n g  t h e  h i g h e s t  d e r i v a t i v e s  d o m i n a t e  i n  
t h e  s i n g u l a r  r e g i o n  and a l lows the problem to be reduced to  a s o l u t i o n  
o f  a  much s imp ler  p rob lem i n  t h e  immediate region o f  t h e  s i n g u l a r i t y .  
To d e t e r m i n e  t h e  p r e s s u r e  d i s t r i b u t i o n  n e a r  t h e  f o r w a r d  c o r n e r  of  a 
r e c t a n g u l a r  c o n t r o l  s u r f a c e  a l l  t h r e e  i n d e p e n d e n t  v a r i a b l e s  a r e  s t r e t c h e d  
i n   t h e   f o l  1 owing manner o f  
A l s o ,  F i s  represented by a se r ies  i n  ascend ing  powers  o f  E g iven as 
n 
I n s e r t i o n  o f  e q u a t i o n  (30)  and  equat ion   (31)   in to   the  d 
equat ion  and  boundary  condi t ions  provides  the  boundary  value 
given  as:  
i a l  i f f e r e n t  
problem 
28 
Source dis t r ibut ions,  t h a t  sa t isfy the different ia l  equat ion,  are  
selected on the basis of matching the boundary condition and results in 
a s o l u t i o n  t h a t  correctly describes the pressure v a r i a t i o n  b o t h  near ihe 
as near the corner of a non-swept control  surface leading edge as  well 
control surface given as:  
- 
P!5 311 Y O )  = u [ l  A B  + 2ik(c-xc)]ln 
(31-A) 
&[2ik TI - k 2 (c-xC)]  ( r l - ~ ~ ) I n l  h m  - ( E - Q (  (32) 
E q u a t i o n  ( 3 2 )  may be modified t o  include hingeline sweep effects  by 
multiplying the f i r s t  term of equation (32) by B / B ~ ~ .  
B h g  is defined as 
Bhg  = J 82 + t a n  hc 2 (33)  
A ,  is  the sweep angle of the hingeline (positive when swept a f t ) .  
A l s o ,  o(  q) i s  understood t o  be the rotation angle of the control surface 
measured in a plane  perpendicular t o  the y axis.  The derived pressure dis- 
tribution contains the expected logarithmic singularity along the hinge- 
l ine.  Landahl demonstrated t h a t  the  solution  also  leads t o  a slope  sin- 
gularity  in  the spanwise  loading  across  the  side  edge. I t  should be 
observed t h a t  the present derivation is n o t  valid close t o  the rear cor- 
ner of the control surface. Here the problem i s  complicated by mixed 
boundary values t h a t  must be considered as p a r t  of the "inner region". 
A solution was obtained i n  reference 11 by a method of images t o  meet 
the boundary condition a t  a rear corner of the control surface. I t  does 
n o t  appear t o  be valid for a swept t r a i l i n g  edge however, and fo r  t h i s  
reason i t  has n o t  been applied i n  the  present program. Instead i t  was 
considered sufficient to extend Landahl Is solution t o  the rear corner i n  
the same  manner as suggested i n  reference 3 . 
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P r e s s u r e  d i s t r i b u t i o n s  h a v e  b e e n  f o r m u l a t e d  i n  a s i m i l a r  manner  by 
A s h l e y  ( r e f e r e n c e  1 0 )  f o r  t h e  c o n t r o l  s u r f a c e  t h a t  e x t e n d s  t o  t h e  t i p  
o f  t h e  p l a n f o r m .  The boundary   va lue   p rob lem  d i f f e rs   f rom  those   t rea ted  
by Landahl  i n  t h a t  a mixed f low boundary  cond i t ion  must  be  accounted  fo r  
i n  t h e  s o l u t i o n .  
F o l l o w i n g   t h e   d e r i v a t i o n   o f   r e f e r e n c e  3 t h e   f i r s t   o r d e r   " i n n e r  
problem" i s  d e f i n e d  a t  t h e  h i n g e l i n e  o f  t h e  c o n t r o l  s u r f a c e  s i d e  edge  as: 
P-Pa 2 2 2  where cp = ; and 6, = 1 - M cos 
PVA 
B o u n d a r y  c o n d i t i o n s  o f  e q u a t i o n  ( 3 4 )  a r e  s p e c i f i e d  b y :  
S o l u t i o n s  o f  e q u a t i o n  ( 3 4 )  s u b j e c t  t o  t h e  b o u n d a r y  c o n d i t i o n s  o f  
equat ion  (35), a r e  o b t a i n e d  b y  r e d u c i n g  t h e  e q u a t i o n  t o  a much s i m p l e r  
fo rm by  app ly ing  a F o u r i e r  t r a n s f o r m a t i o n  on F and a f t e r  c o n s i d e r a b l e  
m a n i p u l a t i o n s  t h e  f i r s t  o r d e r  s o l u t i o n  i s  g i v e n  a s :  
-1/2 
n [ ~  +tan A c ]  
\ I 
where 
tan  A 2 1/2 1 / 2  tanA 2 1/2' -[(I+ "f) + I ]  [( l + (  - +) ) +1 r " i d q  
- 
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The  above i n t e g r a l  may b e  r e d u c e d  f u r t h e r  t o  p r o v i d e  t h e  f o l l o w i n g  
express ion  fo r  cb(~,n,O) a t  t h e  c o n t r o l  s u r f a c e  t i p  s t a t i o n .  
The d i s t r i b u t i o n  o b t a i n e d  by t h i s  s o l u t i o n  p r o c e s s  a p p e a r s  t o  b e  
c o r r e c t  s i n c e  c p ( s , ~ )  approaches zero having an i n f i n i t e  s l o p e  p r o p o r -  
t i o n a l  t o  t h e  s q u a r e  r o o t  o f  t h e  d i s t a n c e  f r o m  t h e  w i n g - t i p  and a lso con-  
t a i n s  a l n ( c - x c )   t e r m   t h a t   p r o v i d e s   t h e   p r o p e r   s t r e a m w i s e   d i s c o n t i n u i t y  2 
i n  downwash ac ross  the  h inge l i ne .  
P ressu re  d i s t r i bu t i ons  ob ta ined  by  the  above  desc r ibed  asympto t i c  
e x p a n s i o n  p r o c e s s  a r e  v a l i d  o n l y  i n  l o c a l i z e d  r e g i o n s  o f  t h e  p l a n f o r m  
s i n c e  t h e  d i s t r i b u t i o n s  o f  t h e  o u t e r  r e g i o n s  h a v e  n o t  been d e f i n e d  n o r  
matched w i t h   t h e   i n n e r   r e g i o n   s o l u t i o n s .  However, t h e  e s s e n t i a l  p a r t  o f  
t h e  p r e s s u r e  d i s t r i b u t i o n  t h a t  p r o v i d e s  t h e  d i s c o n t i n u i t i e s  i n  downwash 
a long  the  con t ro l  su r face  edges i s  d e f i n e d  b y  t h e  i n n e r  r e g i o n  s o l u t i o n .  
The d i s t r i b u t i o n  i n  t h e  o u t e r  r e g i o n s  may take  on any convenient form 
t h a t  s a t i s f i e s  t h e  r e q u i r e d  l o a d i n g  c o n d i t i o n  a l o n g  t h e  edges o f  t h e  
p lan fo rm s ince  a u n i q u e  d i s t r i b u t i o n  i s  n o t  b e i n g  d e t e r m i n e d  a t  t h i s  s t a g e  
o f   t he   so lu t i on   p rocess .   Consequen t l y ,   t he   su r face   p ressu re   l oad ing   f unc -  
t i o n s  t h a t  p r o v i d e  t h e  downwash d i s c o n t i n u i t i e s  a r e  o b t a i n e d  b y  e x t e n d i n g  
t h e  a p p l i c a b l e  r a n g e  o f  t h e  i n n e r  s o l u t i o n  and m o d i f y i n g  t h e s e  d i s t r i b u t i o n s  
t o  meet t h e  c o n d i t i o n  o f  h a v i n g  t h e  p r e s s u r e s  v a n i s h  i n  p r o p o r t i o n  t o  the  
square  roo t  o f  t he  d i s tance  f rom the  edges .  
P ressu re   l oad ing   f unc t i ons   a re   deve loped   to   p rov ide   ana lys i s   cap -  
a b i l  i ty  f o r  a v a s t  a r r a y  o f  c o n t r o l  s u r f a c e  c o n f i g u r a t i o n s .  The most  con- 
v e n i e n t  manner t o  d e s c r i b e  t h e  l o a d i n g  d i s t r i b u t i o n s  due t o  m o t i o n s  o f  
m u l t i p l e  c o n t r o l  s u r f a c e s  i s  t o  d e s c r i b e  t h e  s u r f a c e  l o a d i n g s  f o r  t w o  p a r -  
t i c u l a r  c o n f i g u r a t i o n s  and form combinations of these 
s i r e d  c o n f i g u r a t i o n .  
The t w o  b a s i c  c o n t r o l  s u r f a c e  c o n f i g u r a t i o n s  f o r  
t ions  are  deve loped are  shown i n  f i g u r e  14  and f i g u r e  
t o  r e p r e s e n t  any  de- 
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Figure  14.- P lan form Def in i t ion  Used t o  Descr ibe Loading Funct ions 






Figure  15.- P l a n f o r m  D e f i n i t i o n  Used to  Descr ibe  Load ing  Func t ions  
f o r  an Outboard  Control   Surface 
The p r e s s u r e  l o a d i n g  f u n c t i o n s  a r e  d e f i n e d  o v e r  t h e  s u r f a c e  o n l y  i n  
terms o f  t he  p ressu re  l oad ings  caused  by  mo t ions  o f  t he  r i gh t  hand  s ide  
cont ro l   sur face .   For   symmet r ica l   con t ro l  suv‘face d e f l e c t i o n s ,   t h e   p r e s -  
s u r e  d i s t r i b u t i o n s  o v e r  t h e  l i f t i n g  s u r f a c e  due t o  m o t i o n s  o f  t h e  l e f t  
hand s i d e  c o n t r o l  s u r f a c e  a r e  i d e n t i c a l  t o  t h a t  o f  t h e  r i g h t  hand  side, 
b u t  a r e  r e v e r s e d  l e f t  t o  r i g h t ,  as i n  a m i r r o r  image.  Consequently,  the 
complete  symmetr ica l   or   ant isymmetr ica l   loadings may be  formulated  us ing 
o n l y  t h e  p r e s s u r e  e x p r e s s i o n  d u e  t o  m o t i o n s  o f  t h e  r i g h t  h a n d  s i d e  c o n t r o l  
s u r f a c e .   T h i s   i s   a c c o m p l i s h e d   f o r   t h e   s y m m e t r i c a l   c a s e   b y   d e f i n i n g   t h e  
t o t a l  p r e s s u r e  e x i s t i n g  a t  an ( n )  s t a t i o n  t o  be t h e  sum o f  t h e  p r e s s u r e  a t  
(+n) and  those  a t  (-I-,) wi th in  the  p ressu re  exp ress ion  desc r ib ing  the  l oad ings  
caused  by  motions o f  t h e  r i g h t  hand s i d e   c o n t r o l   s u r f a c e .  The t o t a l  a n t i -  
symmet r ica l   load ings   a t   an  (n) s t a t i o n  a r e  f o r m u l a t e d  by s u b t r a c t i n g  t h e  
l o a d i n g s  a t  (-n) f r o m  t h o s e  a t  (+n) w i t h i n  t h e  p r e s s u r e  e x p r e s s i o n  d e f i n i n g  
loadings  caused  by  motions o f  t h e  r i g h t  hand s i d e  c o n t r o l  s u r f a c e .  
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Loading functions for the inboard partial-span control surface. --- The 
pressure  loading  functions  formulated  for an inboard  partial-span  control 
surface i n  terms of the geometrical properties o f  the r i g h t  hand s ide are  
given i n  the expression: 
where 
o ( n )  i s  the r o t a t i o n  angle a t  the  hingeline measured in a plane 
perpendicular t o  the y axis.  
i s  the sweep angle o f  the hingeline (positive 
swept back) 
Subscript s denotes t h a t  the pressure distributions contain sin- 
gular i  t i e s .  The g1 (n)  and g 2 ( n )  terms i n  equation (39) are control 
functions to provide either symmetrical or antisymmetrical loadings 
and are defined as: 
SF i s  a sign factor t h a t  takes on values o f  SF = +1.0 for  
symmetrical  oadings and SF = -1.0 for antisymnetrical loadings. 
The g1 ( n )  and g2 (n) functions  are  non-singular i n  regions ou t -  
side o f  the control surface boundaries for values of n < y i  and n > y o  
The s ingular i ty  i s  turned on a t  n = yo and i t s  s t rength  is  maintained 
over the spanwise length o f  the hinge1 ine up to  n = yi , where the sin- 
gul ari t y  is  turned  off. For s t a t i o n s  inboard of = y i  the  functions 
are non-singular and are extended t o  t h e  l e f t  hand t i p  of the planform. 
R R 
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The e1 ( 5  
such t h a t  t h e  
i o n  
square  roo t  manner  and m a i n t a i n s  t h e  r e q u i r e d  s t r e n g t h  a t  t h e  h i n g e l i n e  
t o  p r o v i d e  t h e  d i s c o n t i n u i t i e s  a c r o s s  t h e  h i n g e l i n e .  
The e 2 ( c , n , y s )  f a c t o r  c o n t a i n e d  i n  g2 (n) f o rces   t he   p ressu res   t o  R 
v a n i s h  h a v i n g  a n  i n f i n i t e  s l o p e  e v e r y w h e r e  a l o n g  t h e  t r a i l i n g  edge except  
a t  t h e  c o n t r o l  s u r f a c e  s i d e  edge  where  the  s ingu la r i t y  s t reng ths  a re  
ma in ta ined  to  p rov ide  the  p roper  change  in  boundary  cond i t i on  ac ross  the  
s i  de edge.  Using. y t o   r e p r e s e n t  yi o r  yo 
S 
e2(c,n,Ys) = 
The h (n )  f u n c t i o n  i s  used t o  f o r c e  t h e  p r e s s u r e s  t o  z e r o  a t  t h e  
p lan fo rm s ide  edges w h i l e  m a i n t a i n i n g  second d e r i v a t i v e  c o n t i n u i t y  i n  
the  spanwise 1 oadi  ng. 
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L o a d i n g  f u n c t i o n s  f o r  o u t b o a r d  p a r t i a l - s p a n  c o n t r o l  s u r f a c e s .  -- The pressure  
l o a d i n g  f u n c t i o n s  f o r  c o n f i g u r a t i o n s  h a v i n g  a c o n t r o l  s u r f a c e  s i d e  edge a t  
t h e   p l a n f o r m   s i d e  edge t y p i c a l   o f   c o n f i g u r a t i o n s  shown i n   F i g u r e   1 5   a r e  
f o r m u l a t e d  i n  t h e  f o l l o w i n g  manner: 
h a v i n g  f u n c t i o n s  s i m i l a r  t o  t h e  i n b o a r d  c o n t r o l  s u r f a c e  p r e s s u r e  d e f i n i -  
t i o n s  g i v e n  b y  
f S ( n )  = o (n ) /41 I ( f I~+ tan~A)~ ’ *  ( s  2 -n 2 1/2 
The g l (n)   and  g2(n)   funct ions  prov ide  symmetr ic   or   ant isymmetr ic  
a n a l y s i s  c a p a b i l i t y  and are def ined as:  
!31(n) = g l R M  + SF q R ( - n )  
9 2 h )  = 92 (n) + SF 92 ( - 0 )  R R 
where SF = 1 .O for   symmetr ic   analyses 
SF = - 1 . 0   f o r   a n t i s y m e t r i c   a n a l y s e s .  
The  g lR(v )  and  g2R(n )  func t i ons  tu rn  on  the  s ingu la r i t y  a t  t he  
p lan form s ide  edge  and t u r n  i t  o f f  a t  t h e  i n b o a r d  s i d e  edge o f  t h e  
c o n t r o l   s u r f a c e   a t  = yi. 
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e2(S , n , y i )  i s  defined by equation ( 4 4 )  
The modifying side edge function e3(cyn,s) maintains the proper 
singularity strength a t  the side edge and forces the pressure t o  vanish 
a t  the  t ra i l ing edge w i t h  an inf ini te  s lope.  
The h , ( n )  a n d  h r ( n )  are the modifying functions t h a t  sa t isfy the 
planform edge boundary condition while maintaining a second derivative 
continuity i n  spanwise loadings and are defined as: 
3 6  
Insertion of the above pressure expressions i n t o  the downwash 
integral  provides mathematical downwash sheets having identical  dis-  
continuity distributions as contained i n  the kinematic distribution. 
Subtraction of these downwash sheets from the kinematic distribution 
resul ts  i n  a modified downwash dis t r ibut ion for which direct  solutions 
may  be obtained using a regular l if t ing surface pressure distribution 
where 
are the u n k n o w n  coeff ic ient  m u l t i p l  
I cot 0 (m) ( S , l l )  = 2 m = l  gr s in(m- l )o  m = 2,3,4, ... 
i ers 
. . . .symmetrical 
.... antisymmetr i cal 
where the chordwise a n g u l a r  coordinate is defined as: 
The chordwise a n g u l a r  coordinate 0 i s  n o t  t o  be confused w i t h  the 
control surface rotation angle o ( n ) .  
f inal  Form o f  the Downwash Integral Equat ion 
The final expression o f  the downwash-pressure integral equation is 
formulated using the preferred s o l u t i o n  process previously described for 
evaluating the loadings on l i f t i n g  surfaces having discontinuous downwash 
dis t r ibut ions.  
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The m a t r i x  f o r m  o f  t h e  e q u a t i o n  i s  g i v e n  a s :  
The f o r m  o f  e q u a t i o n  ( 5 7 )  i s  s l i g h t l y  d i f f e r e n t  from t h a t  g i v e n  
by  equat ion  (25)  i n  t h a t  t h e  c o e f f i c i e n t  a k ( n )  i s  p l a c e d  i n s i d e  o f  t h e  
i n t e g r a l  as a m u l t i p l i e r  on ~ ( n )  ra the r  than  be ing  used  as a cons tan t  
m u l t i p l i e r   o u t s i d e   o f   t h e   i n t e g r a l .   a k ( n )   r e p r e s e n t s  .a polynomial  de- 
f i n i n g  t h e  s p a n w i s e  t w i s t  d i s t r i b u t i o n  o f  t h e  c o n t r o l  s u r f a c e  and a l l o w s  
c a l c u l a t i o n  o f  a v a r i a b l e  downwash d i s c o n t i n u i t y  a l o n g  t h e  h i n g e l i n e .  
The f i r s t  m a t r i x  o n  t h e  l e f t  hand s ide  rep resen ts  an a r r a y  o f  v a l u e s  
d e f i n i n g  t h e  k i n e m a t i c  downwash a t  p r e - s e l e c t e d  c o l l o c a t i o n  s t a t i o n s  
d i s t r i b u t e d   o v e r   t h e   s u r f a c e .  The second  matr ix   represents  an a r r a y  o f  
downwashes e v a l u a t e d  a t  t h e  same s t a t i o n s  u s i n g  a known p r e s s u r e  d i s -  
t r i b u t i o n  t h a t  p r o v i d e s  t h e  same d i s c o n t i n u i t i e s  t h a t  a r e  c o n t a i n e d  
i n  t h e  k i n e m a t i c  d i s t r i b u t i o n .  
The c a l c u l a t e d  downwash d i s t r i b u t i o n  i s  s u b t r a c t e d  f r o m  t h e  k i n e m a t i c  
d i s t r i b u t i o n  t o  f o r m  a m o d i f i e d  d i s t r i b u t i o n  t h a t  i s  smooth  and  con- 
t i n u o u s .   I n t e g r a l   e q u a t i o n   s o l u t i o n s   u s i n g   t h e   m o d i f i e d   d i s t r i b u t i o n  as 
new boundary  cond i t ions  are  ob ta ined by  the  d i rec t  assumed mode s o l u t i o n  
process. 
The spanw ise  i n teg ra l  on t h e  l e f t  hand s i d e  o f  e q u a t i o n  ( 5 7 )  i s  
e v a l u a t e d  u s i n g  l o g a r i t h m i c  q u a d r a t u r e s  i n  t h e  v i c i n i t y  o f  t h e  downwash 
cho rd  to  eva lu te  the  spanw ise  s ingu la r i t y  t ha t  has  been  p rev ious l y  
i d e n t i f i e d .  The s i n g u l a r i t i e s  a r e  removed   f rom  the   i n teg ra l  on t h e  r i g h t  
hand s i d e  o f  equa t ion  (57 )  and  eva lua ted  i nd i v idua l l y  s ince  a .meaningful 
Tay lo r  se r ies  expans ion  may be made f o r  t h e  c o n t i n u o u s  p r e s s u r e  d i s t r i -  
but ions  used i n  t h e  d i r e c t  s o l u t i o n  p r o c e s s .  
The exp ress ion  de f i n ing  the  ma themat i ca l  d i scon t inuous  downwash 
d i s t r i b u t i o n  r e p r e s e n t e d  b y  t h e  s e c o n d  t e r m  o n  t h e  l e f t  h a n d  s i d e  o f  
e q u a t i o n  ( 5 7 )  i s  g i v e n  b y  t h e  f o l l o w i n g :  
3 8  
where  Cs(y,n)  and  Cns(y,n)  represent  the  chordwise  integrals due t o  
t h e  s i n g u l a r  and n o n - s i n g u l a r  p a r t s  o f  t h e  k e r n e l  f u n c t i o n  and 
are given as:  
where gs(c .rt)  i s  t h e  p r e s s u r e  f u n c t i o n  d e f i n e d  b y  e i t h e r  e q u a t i o n  (39) 
or equat ion  ( 4 7 ) .  
h ( n )  i s  t h e  s p a n w i s e  p r e s s u r e  m o d i f y i n g  f u n c t i o n  d e f i n e d  e i t h e r  b y  
equat ion  (45)  o r  by equat ion  (52) depending upon t h e  c o n f i g u r a t i o n  
being evaluated.  
The C;(y.y) and D;(y,y) terms  are due t o  t h e  Hsu i n t e g r a t i o n  
process  where  the  chordwise  in tegra l  a t  n = y and the spanwise der iva-  
t i v e  a r e  removed f rom the in tegrand and are def ined as:  
cS(y.y)  = 2 j gs (c,n) e -i k (X-c)  d# 
xQ 
The mathematical continuous  downwash  distributions represented by 
the last term o f  equation (57) are evaluated by removing the spanwise 
singularity from the integrand to produce an integrand that is smooth 
and continuous and easily evaluated by a few spanwise  quadrature terms. 
The singularities are identified by developing  a Taylor series  expansion 
of A P ~  ( E y n )  e -ik(x-E), and performing the chordwise integration as 
indicated in a previous section. 
The expression  defining the mathematical’continuous downwash dis- 
tributions represented by the last term of equation ( 5 7 )  is given as: 
4 0  
The s u b s c r i p t  r denotes   tha t  smooth  and  continuous  pressure 
d i s t r i b u t i o n s  d e f i n e d  b y  e q u a t i o n  (55)  and equa t ion  ( 5 6 )  are  be ing  
used i n  t h i s  i n t e g r a l  e v a l u a t i o n .  
C:(y,-) and CLs(y,,-J rep resen t  the  cho rdw ise  i n teg ra l s  due t o  
t h e  s i n g u l a r  a n d  n o n - s i n g u l a r  p a r t s  o f  t h e  k e r n e l  f u n c t i o n .  
where  gr(c ,TI) a r e  t h e  r e g u l a r  l i f t i n g  s u r f a c e  p r e s s u r e  d i s t r i b u t i o n s  
o f  e q u a t i o n  ( 5 6 ) .  
The Cr (y ,y )  and  DY(x,y)  terms  are  due t o  t h e  Hsu s i n g u l a r i t y  sub- 




" a ,  - I 
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- ik(x-xE) ax,[ r~ + arcsin m= 1 
a n  S 
The D2(x,y) and D3(x,y) terms are due t o  subtracting the spanwise 
logarithmic singulari ties from the integrand and are defined as: 
n =y 
Numerical evaluation of the  above downwash integrals  is  accompl ished 
by subdividing the integration intervals i n t o  small  regions and applying 
integration quadrature formulas appropri.ate t o  the function characteris- 
t i c s .  Gaussian quadrature  formulas  containing  unity,  square-root, and  
logari thmic weight functions have  been extensive7y used i n  the integral 
evaluations and  are annotated t h r o u g h o u t  the computer program l i s t i n g  
(reference 4) and need not be discussed here. 
General ized  Forces 
( 7 3 )  
Generalized forces are formulated using two se t s  o f  pressure dis t r i -  
butions t h a t  resu l t  from the modified solution process and are given  in 
the following form applicable t o  the half-span wing; 
42 
Qij = lo I b s boxt A P j ( E  ,111 H i  ( E  ,111 d(boE d(bon) . 
0 box% 
where Hi(c ,n) i s  t h e  ith d e f l e c t i o n  mode shape. 
AP.(5 ,n) i s  t h e  sum o f  t h e  s i n g u l a r  and r e g u l a r  p r e s s u r e  
J 
d i s t r i b u t i o n s  o b t a i n e d  as s o l u t i o n s  o f  t h e  down- 
wash i n t e g r a l  e q u a t i o n  o p e r a t i n g  o n  t h e  j t h  
mode shape. d e f l e c t i o n  
APj(C ,111 = APr ( S , n )  + APs (5 
The r e g u l a r  p r e s s u r e  d i s t r  
j j 
,n 1 
i b u t  i o n  i s  g i v e n  as 
J n m  
where a,!:) a r e  t h e  p r e s s u r e  c o e f f i c i e n t s  o b t a i n e d  f r o m  t h e  
i n t e g r a l  e q u a t i o n  s o l u t i o n  u s i n g  t h e  m o d i f i e d  
downwash d i s t r i b u t i o n  as  boundary  cond i t ions  fo r  
t he  jth mode. 
f (n ’ (n )   represents   the   spanwise   p ressure  mode d i s t r i b u t i o n  r 
g i v e n   i n   e q u a t i o n  ( 5 5 ) .  
gLm)([ ,q)   represents  the  chordwise  pressure mode d i s t r i b u t i o n  
o f  e q u a t i o n  ( 5 6 ) .  
The s i n g u l a r  p r e s s u r e  d i s t r i b u t i o n  i s  g i v e n  as: 
where f S ( n )   i s   d e f i n e d   b y   e q u a t i o n   ( 3 8 a ) ( a n d   e q u a t i o n  (47) 
gs(C,n) i s   d e f i n e d   b y   e q u a t i o n   ( 3 9 )   o r   e q u a t i o n   ( 4 7 )  
depending ‘upon the conf igurat ion being evaluated.  
A (  k-1 ) ( j )   a r e   f o u r   c o e f f i c i e n t s  o f  the   cub ic   po lynomia l   used 
t o  d e f i n e  t h e  s p a n w i s e  t w i s t  d i s t r i b u t i o n  o f  O ( n ) .  
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The p r e s s u r e  d i s t r i b u t i o n s  r e p o r t e d  b y  t h e  c o m p u t e r  p r o g r a m  
( re fe rence  4 )  are  re fe renced to  the  dynamic  p ressure  and de f ined as :  
A P j  ( 5  ,TI) dimensions same as  u ed i n  
= [ M a c h i n e   O u t p u t ]   t h e   r a t i o  H. (c,n)/bo 
P W 2  
J 
where 
I n  m 
k J 
Sec t iona l  genera l i zed  fo rces  may be obta ined a t  a r b i t r a r y  l o c a t i o n s  
along the semispan and are def ined as:  
A maximum o f  e l e v e n  ( 1 1 )  s e c t i o n a l  g e n e r a l i z e d  f o r c e s  may be  ca l -  




= [Machine Output 1 dimensions same as used i n  H . ( c , d  
(note:   bos = S 1 ength  o f   semis  pan)  
4 4  
where 
The t o t a l  g e n e r a l i z e d  f o r c e s  a r e  e v a l u a t e d  u s i n g  t h e  d e f i n i t i o n :  
s x, 
The program output  ( re ference 4 )  o f  genera l  i zed  fo rces  a re  
re fe renced   to  boSpV2/2 and g i v e n   i n   t h e   f o r m :  
Qij 
-___ - [Machine  Output ] same dimensions as used i n  
boSpV2/2 H j  ( E  ¶ d  
(note:   bo s = boS) 2 
where 
[ Machine  Output] = 8 I H 
o x  p. 
+ 
I t  s h o u l d  b e  n o t e d  t h a t  t h e  s e c t i o n a l  g e n e r a l i z e d  f o r c e s  ( e q u a t i o n  
( 8 2 ) )  a r e  u s e d  t o  o b t a i n  i n f o r m a t i o n  on the  spanwise  loadings  and  chord- 
w i s e  c e n t e r  o f  p r e s s u r e  l o c a t i o n s .  The maximum number o f  s t a t i o n s  
w h e r e  t h e  s e c t i o n a l  f o r c e s  a r e  c a l c u l a t e d  i s  l i m i t e d  t o  e l e v e n  ( l l ) ¶  a n d  
t h e  s p a n w i s e  d i s t r i b u t i o n  i s  s e l e c t e d  b y  t h e  u s e r .  
The  spanwise  locat ions  (where  the  sect ional   genera l ized  forces  are 
c a l c u l a t e d )  do no t  co inc ide  w i th  spanw ise  quadra tu re  s ta t i ons  where  the  
c h o r d w i s e   i n t e g r a l s   o f   e q u a t i o n  (84) a re   eva lua ted .  The cho rdw ise   i n teg ra l s  
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of equation (84) are calculated a t  par t icular  spanwise s ta t ions  depending 
upon the quadrature distribution required for a particular confi 'guration' 
and are no t  printed as o u t p u t .  
. . ,  - . 
PROGRAM CAPABILITIES A N D  LIMITATIONS 
The computer program developed around the preferred solution process 
may be used for a vast a r ray  of analysis configurations a n d  has cap- 
a b i l i t i e s  and l imitat ions l is ted below: 
1.  
2. 






Trailing edge control surface configurations may be  composed of a 
full span, inboard partial-span, ou tboa rd  t i p  partial-span, or up 
t o  four individual control surfaces including side-by-side common 
edge control  surfaces. 
Al l  hingelines are assumed t o  be located a t  the leading edge of the 
control  surfaces.  Control  surface  hingelines may have individual 
def ini t ions,  however, each hingeline is  assumed t o  be defined by a 
linear equation. 
All control  surface  leading edges and inboa rd  side edges are assumed 
t o  be represented by a sealed gap condition. 
All control surface side edges a re  assumed t o  be parallel  t o  the 
remote stream direction. 
Spanwise elast ic  twist  dis t r ibut ion of the control surface hingeline 
i s  approximated by a cubic polynomial t o  allow a spanwise variation 
of  the hingeline rotation ~ ( n ) .  
Control surface camber bending is treated within the regular l if t ing 
surface solution. 
Lifting surface solutions of planfornls  not  having control surfaces 
may  be obtained upon user option. 
Spanwise symmetrical or antisymmetrical analysis may  be accomplished 
upon user o p t i o n .  






P l a n f o r m  d e f i n i t i o n  i s  assumed t o  c o n s i s t  o f  l i n e a r  segments de f ined 
b y  i n p u t  d a t a .  (See Appendix A on e f f e c t  o f  l o c a t i n g  downwash chords 
n e a r  j u n c t i . o n s  o f  l i n e a r  segments o f  p l a n f o r m  d e f i n i t i o n . )  
Downwash boundary condi t ions may b e  m o d i f i e d  t o  i n c l u d e  l o c a l  s t r e a m -  
w i s e   v e l o c i t y   v a r i a t i o n s  due t o   a i r f o i l   t h i c k n e s s   e f f e c t s .  (See 
Appendix A )  (See re fe rence  4 f o r   l i m i t a t i o n s )  
I n p u t  mode shapes may b e  d e f i n e d  a t  many p o i n t s  on the  sur face  (such 
as ob ta ined  f rom a f i n i t e  e l e m e n t  s t r u c t u r a l  a n a l y s i s ) - - o r  o p t i o n a l l y  
may b e  d e f i n e d  u s i n g  d i s t o r t i o n  shapes o f  an e l a s t i c  a x i s  modal 
analysis (see Appendix A o f  r e f e r e n c e  4 ) .  
M u l t i p l e  k value and Mach number analyses may be made i n  a s i n g l e  
machine  run  (See  reference 4, Section  3.7.2  LIMITATIONS) 
The p r i n t e d  o u t p u t  o f  t h e  p r o g r a m ,  o b t a i n e d  on  user  op t ion ,  cons is ts  
of  a d e f i n i t i o n  o f  k i n e m a t i c  downwash mat r ix ,  mathemat ica l  d is -  
cont inuous downwash m a t r i x ,  m o d i f i e d  downwash m a t r i x ,  p r e s s u r e  s e r i e s  
c o e f f i c i e n t s ,  c h o r d w i s e  a r r a y  o f  p r e s s u r e s  a t  p r e s c r i b e d  s p a n w i s e  
s t a t i o n s  , sec t iona l  genera l i zed  fo rces  , and t o t a l  g e n e r a l i z e d  f o r c e s .  
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RESULTS,  COMPARISONS  AND  DISCUSSION 
This section contains an i l l u s t r a t ion  o f  the downwash subtraction 
procedure used i n  the preferred solution process and also provides 
pressure distributions and generalized forces resulting from analysis 
of four wing-control surface configurations for which experimental d a t a  
are  available  for comparison. The four  experimental  configurations 
consist  o f  (1  ) the swept-wing f u l l  span f l ap  c o n f i g u r a t i o n  o f  reference 
1 2  t h a t  provides pressures due t o  a steady f l a p  def lect ion,  ( 2 )  a swept- 
w i n g  h a v i n g  an inboard p a r t i a l  span  control surface o f  reference 13 for  
which non-oscillatory pressures are available, ( 3 )  a non-swept rec- 
tangular w i n g  havi.ng an o sc i l l a t ing  fu l l  span f l a p  (reference 1 4 ) ,  a n d  
( 4 )  a swept wing  having side-by-side control surfaces oscillating in 
various  arrangements (reference 1 5 ) .  
Description o f  Downwash Subtraction Process 
The configuration of reference 15 ,  shown i n  f igure 16,  i s  used t o  
i l lus t ra te  the  downwash subtraction process. 
2 f  LOCATION OF PRESSURE 
o . 6 ~  - "" 
I I  
1x 0*88m- 
Figure 1 6 . -  Experimental P1 anforrn of Reference 15  Showing the 
Side-by-Side Control Surface Arrangement (dimensions 
4 8  i n  meters) 
The i n b o a r d  c o n t r o l  s u r f a c e  i s  assumed t o  be o s c i l l a t i n g  a b o u t  i t s  
h i n g e 1  i n e  a t  a reduced f requency of  k = 0.372 and a t  a Mach number o f  
M = 0. The r o t a t i o n  a n g l e  i s  assumed t o  be  constant   across  the  .span  o f  
t h e  c o n t r o l  s u r f a c e  h a v i n g  a value  of  one  radian  measured i n  a p lane  pe r -  
p e n d i c u l a r  t o  t h e  y a x i s .  R e m a i n i n g  p o r t i o n  o f  t h e  l i f t i n g  s u r f a c e  i s  
assumed t o  be a t  r e s t .  It i s  a l s o  assumed t h a t  t h e  c o n t r o l  s u r f a c e  mo- 
t i ons  a re  spanw ise  symmet r i ca l  w i th  respec t  t o  the  p lan fo rm cen te r  l i ne .  
The s u b t r a c t i o n  p r o c e s s  i s  i l l u s t r a t e d  o n l y  f o r  t h e  i n - p h a s e  p a r t  o f  t h e  
downwash d i s t r i b u t i o n .  
The i n - p h a s e  p a r t  o f  t h e  k i n e m a t i c  downwash d i s t r i b u t i o n  o b t a i n e d  
f r o m  t h e  m o t i o n  d e f i n i t i o n  i s  shown i n  f i g u r e  17 fo r  n ine  chords  
e q u a l l y  spaced  across  the  semispan. The downwash has a un i fo rm  va lue  
o f  = 1.0 ove r   t he   con t ro l   su r face  and is   zero   everywhere   e lse .  i4 
F igu re  17. -  Kinematic Gownwash D i s t r i b u t i o n  D e r i v e d  f r o m  
Motions o f  Inboard  F1 ap 
Downwash d i s t r i b u t i o n  r e s u l t i n g  f r o m  t h e  i n t e g r a l  e v a l u a t i o n  u s i n g  
the   l oad ing   f unc t i ons   de f i ned   by   equa t ion   (38 )  i s  shown i n  f i g u r e  18. 
The d i s t r i b u t i o n s  a r e  smooth i n  r e g i o n s  o u t s i d e  o f  t h e  c o n t r o l  s u r f a c e  
and a u n i t  change i n  downwash a c r o s s  t h e  h i n g e l i n e  i s  o b t a i n e d  f o r  t h e  
c h o r d s  t h a t  l i e  on  the  con t ro l  su r face .  
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F igu re  18.- Der ived Downwash D i s t r i b u t i o n  O b t a i n e d  f r o m  t h e  I n t e g r a l  
Evaluat ion  Using  Loading  Funct ions  o f   Equat ion (38 )  
The downwash d i s t r i b u t i o n  o f  f i g u r e  18 i s  sub t rac ted  f rom the  k ine-  
m a t i c  d i s t r i b u t i o n  o f  f i g u r e  17 r e s u l t i n g  i n  t h e  m o d i f i e d  d i s t r i b u t i o n  
o f  f i g u r e  19. 
.- 
T I P  
Figure  19.- M o d i f i e d  Downwash D is t r i bu t i on  Ob ta ined  by  Sub t rac t i ng  
t h e  D e r i v e d  D i s t r i b u t i o n  f r o m  K i n e m a t i c  D i s t r i b u t i o n  
S i n c e  t h e  m o d i f i e d  d i s t r i b u t i o n  i s  smooth  and  does no t  con ta in  any  
d i s c o n t i n u i t i e s ,  i t  appears t h a t  t h e  p r e s s u r e  l o a d i n g  f u n c t i o n s  
(equa t ion  (38)) t h a t  were developed from the asymptot ic expansion pro- 
cess o f  r e f e r e n c e  3 p r o v i d e  t h e  p r o p e r  d e s c r i p t i o n  o f  s u r f a c e  l o a d i n g s  
t o  be  used i n  o b t a i n i n g  s o l u t i o n s  f o r  c o n f i g u r a t i o n s  h a v i n g  d i s c o n -  
t inuous  downwash d i s t r i b u t i o n s .  
S teady-Sta te  Resu l ts  fo r  Fu l l -Span F lap  Conf igura t ion  
The f u l l - s p a n  f l a p  c o n f i g u r a t i o n  of re ference 12 i s  shown i n  
f i g u r e  20 fo r  wh ich  exper imenta l  p ressures  were  ob ta ined fo r  var ious  
c o m b i n a t i o n s  o f  f l a p  d e f l e c t i o n s  and  wing  angles  of   at tack.  The f l a p  
d e f l e c t i o n  and wing angle of  at tack were maintained a t  c o n s t a n t  v a l u e s  
f o r  each  exper imental   run.  
1 
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F igu re  20.- Exper imenta l   Fu l l -Span  F lap  Conf igurat ion 
NACA RM A9G13 (dimensions i n  i n c h e s )  
Exper imental  pressures were obtained along a s t reamwise sect ion 
l oca ted  a t  t h e  50% semispan s t a t i o n .  The l o n g i t u d i n a l   j u n c t i o n   b e t w e e n  
the  w ing  and f l a p  was sea led  t o  prevent  f low leakage between the lower  
and u p p e r  s u r f a c e s  a t  t h e  h i n g e l i n e .  
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The theoretical pressure distributions are obtained us ing  a modi- 
f icat ion on the boundary conditions (described in Appendix A )  t h a t  in- 
clude local streamwise velocity variations due t o  airfoil  thickness 
e f fec ts .  A comparison of the  experimental and  theoretical   results  are 
shown in figure 21. 
- THEORY 
;7 
T I P  
ANGLE 
Figure 21 . -  Theoretical a n d  Experimental Chordwise Pressure Distributions for a 
Ful l -Span F l a p  Deflected by 6 = l o " ,  ~1 = 0.0" a t  M = 0.21 and  k = 0 
The experimental sealed gap condition a t  the hingeline satisfies 
the  theoretical  assumptions  (reference 3 )  a n d  provides a one-to-one 
basis for evaluating the accuracy of the theoretical prediction method. 
The comparison indicates t h a t  the  experimental  values  are  theo- 
retically predicted within very close tolerances over the entire length 
o f  the chord even in the vicinity of the hingeline. 
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Steady -S ta te  Resu l t s  fo r  a Par t i a l -Span  F lap  Con f igu ra t i on  
The p a r t i a l - s p a n  c o n t r o l  s u r f a c e  c o n f i g u r a t i o n  shown i n  f i g u r e  22 
rep resen ts  the  exper imen ta l  p lan fo rm o f  re fe rence  13  to  ob ta in  cho rd -  
w i s e   p r e s s u r e   d i s t r i b u t i o n s   d u e   t o  a s t e a d y   f l a p   d e f l e c t i o n .   P r e s s u r e s  
were obtained along a s t reamwise chord located a t  t h e  46% semispan 
s t a t i o n .  The h i n g e l i n e  gap was s e a l e d   p r o v i d i n g  a one- to -one  bas is   fo r  
compar ing   theore t ica l   and  exper imenta l   resu l ts .  
LOCATION OF PRESSURE 
\ I ORIFICES 
LINE 
Figure  22.-  Exper imenta l   P lan form  o f  a P a r t i a l - S p a n  F l a p  C o n f i g u r a t i o n  o f  
NACA RM L53C23 (dimensions i n   i n c h e s )  
Theoret ica l   pressures  were  obta ined  a long  var ious  s t reamwise  chords 
spaced  over  the  semispan and a r e  shown i n  f i g u r e  23.  The  comparison 
i n d i c a t e s  t h a t  t h e  e x p e r i m e n t a l  p r e s s u r e s  a r e  a c c u r a t e l y  p r e d i c t e d  b y  
t h e  t h e o r e t i c a l  t e c h n i q u e  o v e r  t h e  l e n g t h  o f  t h e  c h o r d w i s e  s t r i p  f o r -  
ward o f   t h e   h i n g e l i n e .  The t h e o r e t i c a l   d i s t r i b u t i o n   o v e r   t h e   c o n t r o l  
s u r f a c e   a r e   o n l y   s l i g h t l y   l a r g e r   t h a n   t h e   e x p e r i m e n t a l   v a l u e s .  Con- 
sequent ly ,  i t  a p p e a r s  t h a t  t h e  l i f t s  and h inge moments  may be p r e d i c t e d  
w i t h i n  r e a s o n a b l e  a c c u r a c y  l i m i t s  f o r  c o n f i g u r a t i o n s  h a v i n g  a sealed 
gap a t  t h e  w i n g - c o n t r o l  s u r f a c e  j u n c t i o n .  
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F igu re  23.- Theoret ica l   and  Exper imenta l   Chordwise  Pressure  Dis t r ibut ions  for  
Par t ia l -Span F lap  Def lec ted  by  6 = lo " ,  a = 0", a t  M = 0.60 and k = 0 
Rectangular  P lanforms hav ing Ful l  -Span Contro l  Sur faces 
Two r e c t a n g u l a r  p l a n f o r m s  h a v i n g  a s p e c t  r a t i o s  o f  1 . 0  and 2.0 were 
t e s t e d  i n  c o m b i n a t i o n  w i t h  a 40% c h o r d  f l a p  f o r  v a r i o u s  v a l u e s  o f  r e -  
duced  f requenc ies  to  ob ta in  h inge  moments and l i f t s  due t o  t h e  c o n t r o l  
sur face   mot ions .  The e x p e r i m e n t a l   d a t a   a r e   r e p o r t e d   i n   r e f e r e n c e   1 4 .  
Each p lan fo rm had a smal l  gap a long i t s  h i n g e l i n e  t h a t  may have a smal l  
i n f l u e n c e  o n  t h e  p r e s s u r e  d i s t r i b u t i o n s  i n  r e g i o n s  n e a r  t h e  h i n g e l i n e .  
There are no mean's a v a i l a b l e  t o  d e t e r m i n e  t o  w h a t  e x t e n t  t h a t  t h e  
p r e s s u r e s  a r e  a f f e c t e d  b y  open  gap c o n d i t i o n  s i n c e  o n l y  e x p e r i m e n t a l  
h inge  moments and t o t a l  l i f t s  a r e  a v a i l a b l e  f o r  c o m p a r i s o n .  
Exper imen ta l  and  theo re t i ca l  va lues  o f  h inge  moments and  phase 
angles  as a f u n c t i o n  o f  r e d u c e d  f r e q u e n c y  a r e  p r e s e n t e d  i n  f i g u r e  24 f o r  
t h e   a s p e c t   r a t i o  2.0 planform. The t h e o r e t i c a l   h i n g e  moments appear t o  
agree  w i th  the  exper imenta l  va lues ,  however  there  is  a discrepancy i n  t h e  
pred ic ted  phase ang les  tha t  may be  due t o  t h e  open  gap a t  t h e  h i n g e l i n e .  
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Figure 24.- Theoretical and Experimental Hinge Moments and Phase Angles for  an 
Oscil lating Full-Span Flap A R  = 2 .0  Configuration o f  WADC TR 53-64 
Comparison  of wing  l i f t s  and phase angles are shown in figure 25. 
There i s  good agreement between the theoretical and  experimental results 
over  the  entire range of reduced frequencies used in the tes ts .  Conse- 
quently, i t  appears t h a t  wing l i f t  i s  n o t  greatly affected by open gaps 
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Figure 25. - Theoretical and Experimental Lif ts  and Phase  Angles for  an 
Oscil lating Full-Span F l a p  A R  = 2.0  Configuration of WADC TR 53-64 
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E x p e r i m e n t a l   a n d   t h e o r e t i c a l   r e s u l t s   f o r   t h e   f u l l   s p a n   c o n t r o l  
s u r f a c e  c o n f i g u r a t i o n  o f  a s p e c t  r a t i o  1.0 a r e  shown i n  f i g u r e  26 and 
f i g u r e  27. Aga in ,   the   theore t ica l   method  appears   to   p red ic t   reasonab le  
values  of   h inge moments and t o t a l  l i f t s :  however ,   the  predic ted  h inge 
moment phase angles dev iate f rom the exper imenta l  va lues and the d is-  
crepancy may be  due t o  t h e  open gap a t  t h e  h i n g e l i n e .  
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Figure  26 .- Theore t i ca l  and E x p e r i m e n t a l  L i f t s  and  Phase Angles f o r  an 
Osc i l l a t i ng  Fu l l -Span  F lap  AR = 1 . O  C o n f i g u r a t i o n  o f  WADC TR 53-64 
- THEORY 
0 EXPERIMENT 
- 40. ( W A D C  TR 53-64) 
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Figure  2 7 . -  Theore t i ca l  and Experimental  Hinge Moments and  Phase Angles f o r  an 
Osci 1 l a t i n g   F u l l  -Span Flap AR = 1 . O  C o n f i g u r a t i o n  o f  WADC TR 53-64 
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The d i f f e r e n c e  may a l s o  be caused by t r a i l i n g  edge f l o w  s e p a r a t i o n  
t h a t  c o u l d  h a v e  b e e n  e x p e r i e n c e d  d u r i n g  t h e  t e s t  s i n c e  t h e r e  i s  a v e r y  
l a r g e  a d v e r s e  p r e s s u r e  g r a d i e n t  a t  t h e  t r a i l i n g  edge t h a t  m i g h t  n o t  
have  been  mainta ined  dur ing  the  exper iment .   (see page  315 o f  r e f e r e n c e  
17 f o r  t h e  p r e s s u r e  g r a d i e n t  p l o t  o f  t h e  NACA GO10 a i r f o i l  s e c t i o n  used 
i n  t h e  e x p e r i m e n t . )  
E f f e c t  o f  H i n g e l i n e  Gaps on Chordwise Loadings 
A t h e o r e t i c a l  s t u d y  has  been made ( r e f e r e n c e  1 6 )  t o  i n v e s t i g a t e  t h e  
e f f e c t  o f  h i n g e l i n e  gaps  on cho rdw ise  p ressu re  d i s t r i bu t i on ,  and  the  
r e s u l t s  a r e  shown i n  f i g u r e  28. 
F igure  28. - Non- f rom re fe rence  
The s t u d y  c o n f i g u r a t i o n  i s  composed o f  a p a i r   o f  two-dimensional 
e q u a l  c h o r d  l i f t i n g  s u r f a c e s  t h a t  a r e  p l a c e d  i n  a coplanar  arrangement.  
The l e a d i n g  s u r f a c e  i s  a t  a zero  ang le  o f  a t t a c k  a n d  t h e  t r a i l i n g  
sur face i s  g iven an angle o f  a t t a c k  b y  r o t a t i n g  t h e  s u r f a c e  a b o u t  i t s  
leading  edge.   Chordwise  pressures  are  obta ined  for   var ious  separat ion 
spacings i n  s teady  f low.  
For  a zero  gap s p a c i n g  t h e  l o a d i n g s  p r o d u c e d  a t  t h e  j u n c t i o n  o f  t h e  
t w o  s u r f a c e s  e x h i b i t  t h e  t y p i c a l  s y m m e t r i c a l  l o g a r i  t h m i c  s i n g u l a r i t y  
i d e n t i f i e d  f o r  a d iscont inuous  downwash d i s t r i b u t i o n  o f  a two-dimensional 
w ing -con t ro l   su r face   comb ina t ion .  As seDara t i on   beg ins ,   t he   l oad ings  on 
t h e  w i n g  n e a r  t h e  w i n g  t r a i l i n g  edge change from a s i n g u l a r i t y  c h a r a c t e r -  
i s t i c  t o  a l o a d i n g   t h a t  becomes equa l   t o   ze ro .  However, t he   l oad ings  
near  the  l ead ing  edge o f  t h e  c o n t r o l  s u r f a c e  change  from a l o g a r i t h m i c  
c h a r a c t e r i s t i c  t o  t h a t  o f  h a v i n g  a n  i n v e r s e  s q u a r e  r o o t  s i n g u l a r i t y  
t h a t  causes a h i g h e r  l o a d i n g  t o  e x i s t  o n  t h e  c o n t r o l  s u r f a c e  f o r  t h e  open 
gap c o n d i t i o n  t h a n  f o r  t h e  z e r o  gap c o n d i t i o n .  
La rge  separa t i on  d i s tances  be tween  the  su r faces  resu l t  i n  l oad ings  
t h a t   a r e   v a s t l y   d i f f e r e n t   f r o m   t h e   z e r o   s e p a r a t i o n   c a s e .  However, smal l  
s e p a r a t i o n s  a f f e c t  t h e  p r e s s u r e  d i s t r i b u t i o n s  o n l y  i n  l o c a l i z e d  r e g i o n s  
n e a r   t h e   h i n g e l   i n e .  It appears t h a t  t h e  z e r o  gap theore t ica l   method 
wil p r o v i d e  r e a s o n a b l e  p r e d i c t i o n s  o f  t o t a l  l i f t s  and moments f o r  con- 
f i g u r a t i o n s  h a v i n g  s m a l l  h i n g e l  i n e  g a p s .  
S ide-by-S ide  Cont ro l  Sur face  Conf igura t ion  
The s i d e - b y - s i d e  c o n t r o l  s u r f a c e  c o n f i g u r a t i o n  i s  shown i n  f i g u r e  16 
f o r  w h i c h  u n s t e a d y  p r e s s u r e s  a r e  o b t a i n e d  f o r  v a r i o u s  c o m b i n a t i o n  o f  f l a p  
d e f l e c t i o n s .  The exper imenta l  model  had  small  open gaps a t   t h e   h i n g e l i n e s  
and a t  t h e  s i d e  edges.  Reference 15 p r o v i d e s   n o   i n f o r m a t i o n   t o   d e f i n e   t h e  
exact  d imensions  between  the  control   surface  s ide  edges and the  pressure  
m e a s u r i n g  s t a t i o n s  l o c a t e d  i n  t h e  v i c i n i t y  o f  t h e  s i d e  edges. The span- 
w ise  loca t ion  o f  the  exper imenta l  p ressure  chords  were  es tab l i shed by  
m e a s u r i n g  t h e  p r e s s u r e  c h o r d  l o c a t i o n s  o f f  o f  t h e  p l a n f o r m  d r a w i n g .  
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Figures  29 and 30 present comparisons o f  t h e o r e t i c a l  and exper imental  
r e s u l t s  f o r  a mode shape i n  w h i c h  b o t h  f l a p s  a r e  o s c i l l a t i n g  w i t h  t h e  
same phase and amplitude and the wing i s  m a i n t a i n e d  i . n  a s t a t i o n a r y  p o s i -  
t i o n .   T h e r e   i s  good  agreement  between  the  theoretical and exper imenta l  
r e s u l t s  i n  a l l  areas  except i n  l o c a l i z e d  r e g i o n s  n e a r  t h e  h i n g e l i n e s .  
The e x p e r i m e n t a l  v a l u e s  a r e  l e s s  t h a n  t h e  t h e o r e t i c a l  v a l u e s  f o r w a r d  o f  
t h e  h i n g e l i n e  and s l i g h t l y  g r e a t e r  t h a n  t h e  p r e d i c t e d  v a l u s e  a f t  o f  t h e  
h i n g e l i n e .  The v a r i a t i o n s  n e a r  t h e  h i n g e l i n e  a r e  a t t r i b u t e d  t o  t h e  open 
gaps a t   t h e   h i n g e l i n e s .  Even though  the  compar isons  deter iorate i n  
r e g i o n s  n e a r  t h e  h i n g e l i n e  i t  appears t h a t  t h e  t o t a l  l i f t s  and moments 
may be  es t imated  w i th in  reasonab le  bounds f o r  c o n f i g u r a t i o n s  t h a t  h a v e  
small  open  gaps a t  t h e  h i n g e l i n e s .  





F igu re  29.- In-Phase  Chordwise  Pressure  Dis t r ibut ions  for   Both  F laps Osc 
w i t h   t h e  Same Phase  and Amp1 i tude. Ai = 0.82", A o a f  = o  
Aw = O", k = 0.372, and M = 0 
TIP 




Figure 30.- Out-of-Phase Chordwise Pressure Distributions for B o t h  Flaps  Oscillating 
w i t h  the same Phase and Amp1 i tude. Ai .f. = O . 8 Z e ,  A O e f  = 0.82', Aw = 0' 
Figures 31 a n d  32 present comparisons o f  theoretical  a n d  experimental 
pressure distributions for a mode shape  in which the outer flap i s  os- 
c i l l a t i n g  and the inner flap and w i n g  are maintained in a stationary 
position. 
Figure 31 .- In-Phase Chordwise Pressure Distributions Resulting from Motions of 
Outer Flap .  A i , f  = Om, A o , f  = 0.66., \ = Om, k = 0.372, and M E  0 
6 0  
Figure  32.- Out-of -Phase Chordwise Pressure Dis t r ibut ions Resul t ing f rom Mot ions 
o f   Ou te r   F lap .  Ai.f.= O",  A O a f  = 0.66", 4J= O", k = 0.372, and "0 
Again,  the only  area where the compar isons deter iorate i s  w i t h i n  
t h e  h i n g e l i n e  r e g i o n  and i s  p robab ly  due to  open  gap e f f e c t s  a t  t h e  
h i   n g e l  ine. 
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CONCLUSION 
A theoretical  analysis and computer program have been developed for  
the prediction of unsteady lifting surface loadings caused by motions o f  
t r a i l i n g  edge control  surfaces having sealed  gaps, The program has been 
developed around a systematic solution process where the discontinuities 
in the downwash distributions are separated ( a n d  handled separately) 
prior t o  applying standard lifting-surface solutiorr techniques. 
Theoretical results are presented t o  demonstrate the ve r sa t i l i t y  o f  
the program capabi l i t i es .  Comparisons o f  theoretical  and experimental 
d a t a  are  presented  for  four  wing-control  surface  configurations. Two of 
the experimental configurations had sealed gaps a t  the hingelines, and 
two configurations had small open gaps. 
The comparisons indicate t h a t  reasonable pressure distributions are 
obtained for the sealed gap  cases, b u t  there are moderate differences near 
the hi ngel ines for the open gap  cases. 
The results also indicate t h a t  the method developed will provide 
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APPENDIX A 
A CAUTION REGARDING PLANFORMS WITH DISCONTINUOUS EDGES,  AND A PROVISION 
FOR INCLUDING EFFECTS OF AIRFOIL  THICKNESS VIA LOCAL  LINEARIZATION 
Suggestions are  made  for modifying analytical procedures used in obtaining 
loadings on discontinuous planform shapes, and fGr modifying lifting surface 
boundary conditions i/V such that the physical flow pressure distributiops 
are more readily simulated by the theoretical pressure distributions. 
Modification of Planforms Having Discontinuous Shapes 
Analytical difficulties  may be encountered in predicting the aerodynamic 
loadings on planforms having analytic discontinuities in the planform shape 
definition. Figure 33 represents a typical analysis planform where  first 
derivative discontinuities in the  shape definition exist and may provide 
inconsistent results if the spanwise distribution of collocation stations 




Figure 3 3 . -  Typical Analysis Configuration with a Discontinuous Shape Definition 
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The mathematically derived downwash  sheets obtained from an evaluation of 
the downwash integral will exhibit  singularities  whenever  collocation 
stations are located at the planform spanwise  discontinuity stations. The 
singularities are due  to the over-simplified manner in which the pressure 
distributions are assumed to exist  over the planform. The assumed 
pressure functions are distributed continuously  Over  the  surface in such a 
manner  that the planform is completely covered regardless o f  the analytic 
continuity of the planform definition. If the planform definition con- 
tains sharp breaks or discontinuities in its first derivative  definition, 
then the pressure distributions and resulting  spanwise loadings will also 
exhibit  discontinuities at the same  spanwise stations. It is the discon- 
tinuous first derivative of spanwise  loadings  that cause the numerical 
problems and produce singularities in the predicted downwash sheets. The 
spanwise  loading discontinuities may be removed by using a suitable pres- 
sure  distribution that is analytically continuous in its spanwise  direction. 
However, no such  distributions have been formulated nor used within  the 
present program development  since  it is obvious  that  there are  other means 
available for obtaining  reasonable  results other than overemphasizing the 
effects of localized flow in regions of planform discontinuities. The 
problem of downwash  singularities  may be circumvented by smoothing  the 
planform discontinuities or by keeping the spanwise location o f  collocation 
stations well away  from the troublesome regions. However, numerical prob- 
lems do exist  and the analyst should be cognizant of the potential problem 
and to what  extent that the downwash distributions may be distorted in the 
regions of planform discontinuities. 
The  extent of downwash distortion may be determined by evaluating the down- 
wash integral equation for the steady flow case given the  following form: 
In this example, f(q) is taken to be the  spanwise pressure function 
corresponding to an ellipse, f(n) = i s 2  - q 2  ; and g ( 5 , V )  i s  the 
chordwise pressure function given as 
Also, the planform being  evaluated is  a del ta  wing  having a discontinuous 
planform d e f i n i t i o n   a t  the center l ine.  
Performing the indicated differentiation wi th  respect to rl i n  ‘equation ( A l )  
and retaining only the essential terms that contribute to the singularity 
problem resu l t s  i n  the following expression: 
The ag(Syr l ) te rm - has a f ini te   discont inui ty  a t  the planform center   l ine 
having equal b u t  opposite signs on e i ther  s ide of the center line. 
an  
To shorten the expression let the chordwise integral be defined as: 
And l e t  H a ( r l )  be H(0) when the   l e f t  hand side  derivative of 
used i n  equatiorl (A3); a l s o   l e t  H r ( n )  be H(n) o f  equation (A3)  using 
the r igh t  h a n d  side derivative o f  
a g ( 5 , d  
a n  
a d m )  
Then the shortened form of equation ( A 2 )  becomes: 
S 
Equat ion (A4) may be evaluated by adding and subtracting the function 
H, (n) over  the  integration  interval o < , s s .  




The second and t h  
tinuous extention 
t o  the r i g h t  hand 
The integrals  may 
S 
i r d  integrals o f  ( A 5 )  are evaluated by making a con- 
of  the  definition of  across  the  centerline 
t i p  a t 0  = s .  
a 7  R 
be combined to provide the expression 
Singularit ies a t  n = y are removed from the integral and evaluated 
separately as shown  by the following: 
0 0 
S S 
The only  terms containing singularities (with the restriction t h a t  the 
downwash stations are contained i n  the interval -s<y.= s )  are the terms 
having an integral form o f  
S 
JA 0 
Equation ( A 7 )  may then be expressed as h a v i n g  singular and non-singular 
terms t h a t  take the form of:  
n ( x , y )  = [ Hr(y) - H,(y) ] lnlyl + Regular Terms (A91  
and the limiting value o f  i j (x ,y)  tends t o  inf ini ty  as  y-0. 
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Thus, the downwash sheet will exhibit unrealistically large values of 
downwashes whenever a downwash chord i s  placed near a planform disconti- 
nuity station and i s  due solely to the manner i n  which the pressure load-  
ings are assumed t o  ex i s t  on the boundaries of the planform. 
There i s  an obvious solution t o  this problem (see reference 8) i n  t h a t  
the derivative of the spanwise loadings may  be  made continuous by smoothing 
the planform discont inui t ies .  An example of how smoothing of planform dis- 








1 0  - 
SECOND DERIVATIVE 




The clipped delta planform shown i n  f igure 34 has been modified i n  the 
region of the apex a t  the center l ine  to  produce a continuous f i rs t  deriva- 
t ive def ini t ion of the  planform across the centerline. The  method se- 
lected t o  smooth the shape d e f i n i t i o n  is  one o f  applying a function 
h a v i n g  a continuous f i r s t  d e r i v a t i v e  that is zero a t  the  center l ine  and 
is also continuous i n  the second der ivat ive at  the spanwise matching s t a -  
t ion.  This par t icular  smoothing function  provides  derivative  continuity 
with  the leas t  d i s tor t ion  i n  planform defini t ion.  Downwash values ob- 
tained a t  spanwise stations along the 50% chordline are shown in the 
lower part  of f igure 34 . The  downwash d i s t r i b u t i o n  near the planform 
centerline does become singular for the pointed apex case. However, the 
downwashes take on  more real is t ic  values  whenever the apex discontinuity 
i s  removed  by applying a small amount of smoothing.  
The spanwise dis tor t ion i n  downwash sheet i s  only sl ightly affected by 
redefining  the planform  shape. However, caution  should be exercised  in 
applying large amounts of smoothing since the redefined shape may provide 
a poor approximation o f  the original planform shape. 
The above discussion has been presented to identify a potential problem 
t h a t  may a r i se  i n  predicting the loadings on discontinuous planforms and 
to  suggest a method to  a l leviate  the problem. The suggested smoothing 
technique i s  not available within the present computer program, however, 
an  a1 ternate method i s  suggested such t h a t  reasonable results may  be ob- 
tained without redefining the planform shape. 
An a l ternate  method suggested by other authors is  one o f  applying engineer- 
ing judgement to the placement of spanwise collocation stations i n  regions 
of planform discontinuities.  The downwash dis t r ibut ion shown i n  f igure 34 
indicates t h a t  the distributions are only sl ightly affected a t  small dis-  
tances away from the discontinuity s t a t i o n .  The amount o f  d is tor t ion w i l l  
be the greatest near the centerline of a highly swept planform since this i s  
the location where the largest  difference i n  the spanwise loading derivative 
ex is t s .  Planforms h a v i n g  leading and t r a i l i ng  edges  defined by a combination 
of s t ra ight  l ine  segments for which differences i n  spanwise slopes are small 
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will produce even smaller distortions i n  the downwash description than is  
observed for the  centerlines  station. Consequently, i t  i s  suggested  that 
the placement  of the spanwise collocation stations (downwash chords) is 
such t h a t  the  s ta t ions are  located at  least  a small distance away from any 
planform discont inui ty   s ta t ion.  
Although application of planform smoothing or p o s i t i o n i n g  of collocation 
s ta t ions may appear t o  be an a r t i f i c i a l  method t o  bypass the source of the 
problem, these methods will provide reasonable results for the aerodynamic 
loadings w i t h o u t  being overly encumbered by localized flow conditions that 
contibute only i n  a small way t o  final load definitions. 
Suggested Modification of Boundary Condit ions w / V  
From an operational standpoint, i t  appears t h a t  i f  a local l inearization is  
used, t h a t  i s  i f  the linearized boundary conditions i/V are  modified t o  included 
local velocities due t o  airfoil  thickness the result ing theoretical  pressure 
distributions will simulate the physical flow conditions more accurately. 
Lifting surface theory solutions using assumed mode-kernel function approach 
usually  provide  results t h a t  correlate  well w i t h  experimental  results. An 
example of the correlation of theoretical-experimental results is presented 
for the analysis planform shown i n  f igure 35. 
"" ROWS OF PRESSURE ORIFICES 
0.25 CHORD OF  NACA 
64AOl0 SECTIONS 
Figure 35.- Experimental P1 anform of NACA RM A51  631 (dimensions in inches) 
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Chordwise pressure distributions were obtained a t  seven spanwise locations 
as indicated i n  the figure. The comparisons  of theoretical-experimental 
results are shown i n  f igure 36 for the pressure chord located a t  y/s = .831 










0 z EXPERIMENT (NACA  RH A51G31) 
- ZERO THICKNESS BOUNDARY CONDITIONS 
.2 
Figure  36.-  Experimental and Zero Thickness  Theoretical  Pressure  Distribution 
a t  Y/S = 0.831, M = 0.80, a = 4" 
The result ing theoretical  pressure distribution was obtained using the 
standard 1 inearized boundary conditions applicable for zero thickness 1 i f t -  
ing surfaces. I t  appears t h a t  a reasonable correlation i s  obtained on the 
average in that the theoretical  distribution does approximate the experi- 
mental values i n  an average sense over the l e n g t h  of the streamwise chord. 
Theoretical pressures forward o f  the-midchord are smaller t h a n  experimental 
values and are greater t h a n  experimental values for s t a t ions  a f t  of the 
mi dchord . 
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The analysis was revised u s i n g  a modification on the l i f t ing surface boundary 
conditions such t h a t  the local velocity due t o  symmetrical thickness d i s t r i -  
bution i s  used instead of applying the uniform velocity distribution o f  a 
zero thickness lifting surface. 
That i s ,  t he  boundary condition of the integral equation was obtained from 
the definit ion 
where z.represents the displacement of the surface and i s  a function of t ime(r) .  
J 
az 
ax - the slope of the surface a t  (x ,y) .  
2 is  usually taken t o  be equal t o  the remote velocity V ,  and f o r  a zero 
a T  
thickness airfoil  section this may be correct.  However, physical  experiments 
are conducted on f ini te  thickness  a i r foi l  sect ions h a v i n g  local velocit ies 
t h a t  are n o t  uniform over the chord length. 
Consequently,  the  tern  should  represent  the  local  flow  velocity VLocal a t  
collocation stations in' making a comparison between theoretical  and real 
f 1 ow resul t s  . 
ax 
The modified boundary conditions applicable t o  f inite thickness airfoil  sec- 
tions are then defined as: 
"Local 
d i f f e r s  from V due t o  thickness effects only, and may  be obtained from ex- 
perimental resul ts  or by using the theoretical distributions o f  reference 17. 
i s  defined as being the steady streamwise velocity distribution t h a t  
Theoretical results shown i n  f igure 37 represent analyses us ing  zero thick- 
ness and f ini te  thickness  boundary conditions and it is evident t h a t  i n  
this case more accurate simulation of the physical flow results are obtained 
using local boundary conditions t h a t  incorporate finite thickness effects.  
Theoretical pressure d i s t r i b u t i o n s  forward of  the midchord s ta t ion approach 
the experimental values i n  a better fashion than do the results using zero 
thickness boundary conditions.  Also,  the  theoretical  distributions  near 
the  t ra i l ing  edge predict the change i n  sign i n  pressures as indicated i n  










0 + EXPERIMENT  (NACA RM A 5 1 G 3 1 )  
- ZERO THICKNESS BOUNDARY CONDITIONS 
--- FINITE  THICKNESS BOUNDARY CONDITIONS 
Fi  g w e  37 .- Cornparison o f  Pressure Distributions Predicted by Zero Thickness and 
Finite Thickness Boundary Conditions a t  a Semi-span Station yls = 0.831, 
for- = 0.89 and o = 4" 
Although no large changes in distributions are observed using modified 
boundary conditions, i t  does appear t h a t  the physica'l flow conditions 
are more accurately simulated and may contribute significantly t o  the 
design of energy absorbing S t a b i l i t y  Augmentation Systems. 
A program op t ion  is  available for using modified boundary conditions w i t h i n  
the analysis and the input d a t a  format along w i t h  l imitations are given in 
section "3.7.2 LIMITATIONS" of reference 4. 
74 
NASA-Langley, 1912 - 1 CR-2003 
